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ABSTRACT 
Methods o f  d e s c r i b i n g  steady e l e c t r i c a i  conductim i n  a p a r t i a l l y  
i o n i z e d  gas w i t h  H a l l  e f f e c t ,  s t r o n g  a p p l i e d  o r  m a g n e t i c a l l y  induced 
e l e c t r i c  f i e l d s ,  and a nonuni form e l e c t r i c a l  c o n d u c t i v i t y  a r e  proposed. 
One o f  t hese  methods i s  based on model c o n d u c t i v i t y  d i s t r i b u t i o n s ,  and 
t h e  o t h e r  i s  based on a n o n e q u i l i b r i u m  c o n d u c t i v i t y  and i n c o r p o r a t e s  
t h e  e l e c t r o n  energy and i o n i z a t i o n  equat ions.  The occurrence o f  a non- 
e q u i l i b r i u m  c o n d u c t i v i t y  leads t o  t h e  development of an i o n i z a t i o n  i n -  
s t a b i l i t y .  I t  i s  shown t h a t  t h e  steady equa t ions  w i t h  a n o n e q u i l i b r i u m  
c o n d u c t i v i t y  a r e  of mixed e l l i p t i c - h y p e r b o l i c  t y p e  and t h a t  t h e  cond i -  
t i o n  fo r  t h e  u n i f o r m  e l l i p t i c i t y  o f  these equa t ions  i s  i d e n t i c a l  t o  t h e  
c o n d i t i o n  f o r  t h e  p r e v e n t i o n  o f  t h e  i o n i z a t i o n  i n s t a b i l i t y .  
These methods a r e  a p p l i e d  t o  f l o w i n g  gases i n  two-dimensional  l i n -  
e a r  magnetohydrodynamic channels w i t h  segmented e l e c t r o d e  s t r u c t u r e s .  
D e t a i l e d  numerical  s o l u t i o n s  f o r  c u r r e n t  and p o t e n t i a l  a r e  ob ta ined .  I n  
genera l ,  it i s  found t h a t  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  ead t o  a degra- 
d a t i o n  of performance as r e f l e c t e d  i n  increased i n t e r n a  impedance o f  
t h e  conduc t ing  gas and depressed Ha l l  v o l t a g e .  Theore t  c a l l y  o b t a i n e d  
d i s t r i b u t i o n s  o f  c u r r e n t  on e l e c t r o d e s  i n  c o n t a c t  w i t h  a nonun i fo rm ly  
conduc t ing  gas a r e  found t o  be i n  accord w i t h  exper imenta l  measurements, 
V 
TABLE OF CONTENTS 
ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . .  i i i  
ABSTRACT.. . . . . . . . . . . . . . . . . . . . . . . . . . .  v 
TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . .  v i  
LISTOFFIGURES . . . . . . . . . . . . . . . . . . . . . . . .  i x  
L ISTOFTABLES.  . . . . . . . . . . . . . . . . . . . . . . . .  x i i i  
NOMENCLATURE . . . . . . . . . . . . . . . . . . . . . . . . . .  x i v  
i s  INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . .  I 
I e l  Background . . . . . . . . . . . . . . . . . . . . . .  I 
! . 2  Review o f  Un i fo rm C o n d u c t i v i t y  Work . . . . . . . . . .  3 
1.3 Review o f  Nonuni form C o n d u c t i v i t y  Work . . . . . . . .  6 
1,4 The Scope of  t h e  P resen t  Study . . . . . . . . . . . .  8 
2. FORMULATION . . . . . . . . . . . . . . . . . . . . . . . .  I I  
2.1 Elec t romagne t i c  and D i f f u s i o n  Equat ions . . . . . . . .  I I  
2.2 Model C o n d u c t i v i t y  . . . . . . . . . . . . . . . . . .  16 
2.3 N o n e q u i l i b r i u m  C o n d u c t i v i t y  . . . . . . . . . . . . . .  17 
2.4 Boundary C o n d i t i o n s  and Channel Geometry . . . . . . . .  22 
2.4.1 The g a s - s o l i d  i n t e r f a c e  . . . . . . . . . . . .  22 
2.4.2 The i n f i n i t e l y  long p e r i o d i c  e l e c t r o d e  channel . 22 
2.5 Resis tance and Conductance Tensors . . . . . . . . . .  25 
3. NONUNIFORM ELECTRICAL CONDUCTION WITH MODEL CONDUCTIVITY 
DiSTRlBUTlONS . . . . . . . . . . . . . . . . . . . . . . .  28 
v i  
3.1 One-Dimensiona! Nonun i fo rm i t i es  . . . . . . . . . . . .  28 
3.1.1 One-dimensional nonun i fo rm i t y  s o l u t i o n s  . . . .  28 
3.1.2 The r e s i s t a n c e  tenso r  . . . . . . . . . . . . .  30 
3 . ! .  3 P o t e n t i a l  and c u r r e n t  d i s t r i b u t i o n s  . . . . . .  33 
3.1.4 Layered c o n d u c t i v i t y  n o n u n i f o r m i t i e s  . . . . . .  33 
3.2 Two-Dimensional Nonun i fo rm i t i es  . . . . . . . . . . . .  40 
3.2.1 Nondimensional equat ions . . . . . . . . . . . .  40 
3.2.2 Layered c o n d u c t i v i t y  n o n u n i f o r m i t i e s  . . . . . .  42 
3.2.3 Comparison w i t h  t h e  measurements of  Hoffman and 
Oates . . . . . . . . . . . . . . . . . . . . .  63 
4 . SOME THEORET 
CONDUCT I ON W 
4 . I Dynamic 
P i  asma 
CAL CONSIDERATIONS OF NONUNIFORM ELECTRICAL 
TH A NONEQUlLlBRlUM CONDUCTIVITY . . . . . . .  65 
I n s t a b i l i t i e s  i n  a N o n e q u i p a r t i t i o n  Magnet ic  . . .  65 . . . . . . . . . . . . . . . .  
4.2 S t a t i c  I n s t a b i l i t i e s  i n  a N o n e q u i p a r t i t  
4.3 Type o f  t h e  Steady Equations D e s c r i b i n g  
Conduct ion i n  a N o n e q u i p a r t i t i o n  Magnet 
. . . . .  
on Plasma 
E I e c t r  i c a  
c Plasma 
. . .  79 
. . .  81 
5 . NONUNIFORM CONDUCTION WITH A NONEQUILIBRIUM CONDUCTIVITY: 
IONIZATION EQUILIBRIUM . . . . . . . . . . . . . . . . . . .  90 
5.1 Nondimens 
5.2 P o t e n t i a l  
D i s t r i  b u t  
5.3 I n t e r n a l  
onal  Steady Equat ions . . . . . . . . . . . .  90 
Cur ren t .  and E l e c t r o n  Temperature 
ons . . . . . . . . . . . . . . . . . . . . .  94 
mpedance and H a l l  Vo l tage . . . . . . . . . .  101 
6 . FINITE RATE IONIZATION AND RECOMBINATION I N  PERIODIC 
TEMPERATURE FIELDS . . . . . . . . . . . . . . . . . . . . .  105 
6 . I  E l e c t r o n  Number Dens i t y  Antisymmetry w i t h  Hal I E f f e c t  
and F i n i t e  Rate l o n i z a t i o n  . . . . . . . . . . . . . .  105 
v i  i 
6.2 Recombination Times and Residence Times i n  F lowing  
Noble.Gas. A l k a l i  Meta l  Plasmas . . . . . . . . . . . .  108 
6.3 E l e c t r o n  C o n t i n u i t y  Equat ion  w i t h  I o n i z a t i o n  and 
Recombination . . . . . . . . . . . . . . . . . . . . .  109 
6.4 P e r i o d i c  S o l u t i o n s  o f  t h e  E l e c t r o n  C o n t i n u i t y  Equat ion  110 
6.5 Number Dens i t y  Response t o  P e r i o d i c  Temperature Pu lses  I l l  
7 . NONUNIFORM ELECTRICAL CONDUCTION WlTA A l4ONEQUILIBRIUM 
CONDUCTIVITY: FINITE RATE EFFECTS . . . . . . . . . . . . . . . . . . .  116 
7.1 Nondlmensional Steady Equat ions . . . . . . . . . . . .  116 
7.2 P o t e n t i a l .  Cur ren t .  E l e c t r o n  Temperature. and E l e c t r o n  
Number Dens i t y  D i s t r i b u t i o n s  . . . . . . . . . . . . .  118 
7.3 I n t e r n a l  Impedance and H a l l  Vo l tage . . . . . . . . . .  125 
7.4 Comparison w i t h  t h e  Measurements o f  F i s c h e r  . . . . . .  126 
8 . SUMMARY AND CONCLUSIONS . . . . . . . . . . . . . . . . . .  133 
APPENDICES 
A . NUMERICAL SOLUTION OF THE EQUATIONS GOVERNiNG ELECTRICAL 
CONDUCTION I N  NONUNIFORM MEDIA . . . . . . . . . . . . .  136 
B . DISSIPATION AND UNIQUENESS THEOREMS FOR A NONUNIFORM 
CONDUCTING MEDIUM . . . . . . . . . . . . . . . . . . .  149 
C . IONIZATION AND RECOMBINATION RATES I N  ALKALI METAL 
PLASMAS . . . . . . . . . . . . . . . . . . . . . . . .  155 
D . SOLUTION OF THE ELECTRON CONTINUITY EQUATION WITH 
IONIZATION AND RECOMBINATION . . . . . . . . . . . . . .  158 
REFERENCES . . . . . . . . . . . . . . . .  
v i i i  
. . . . . . . . . . .  163 
LIST OF FIGURES 
2-1 C o o r d i n a t e  system and channel geometry . . . . . . . . . .  12 
3-1 C o n d u c t i v i t y  n o n u n i f o r m i t y  f a c t o r  G* f o r  t h e  c o n d u c t i v i t y  
model g i v e n  by Eq. (3-23) . . . . . . . . . . . . . . . .  35 
3-2 Nondimensional t ransve rse  impedance as a f u n c t i o n  o f  
H a l l  parameter f o r  i n f i n i t e l y  f i n e  segmented e l e c t r o d e s  
and seve ra l  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  g i v e n  by Eq. 
T 
( 3 - 2 3 ) .  . . . . . . . . . . . . . . . . . . . . . . . . .  36 
3-3 Nondimensional H a l l  p o t e n t i a l  yH as a f u n c t i o n  o f  Hall 
parameter f o r  i n f i n i t e l y  f i n e  segmented e l e c t r o d e s  and 
seve ra l  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  g i v e n  by Eq. (3-23) . 37 
3-4 Nond i mens i ona I t r a n s v e r s e  impedance f o r  i n f  i n i t e  I y f i ne 
T 
segmented e l e c t r o d e s  as a f u n c t i o n  o f  c o n d u c t i v i t y  
n o n u n i f o r m i t y  acco rd ing  t o  t h e  model o f  Eq. (3-23) . . . 38 
Nondimensional Hal I p o t e n t i a l  vH f o r  i n f i n i t e l y  f i n e  
segmented e l e c t r o d e s  as a f u n c t i o n  o f  c o n d u c t i v i t y  
3-5 
n o n u n i f o r m i t y  acco rd ing  t o  t h e  model o f  Eq. (3-23) . . . .  39 
channel, u n i f o r m  c o n d u c t i v i t y  . . . . . . . . . . . . . .  44 
channel, low c o n d u c t i v i t y  l aye r  . . . . . . . . . . . . .  44 
3-6 L ines  o f  c o n s t a n t  c u r r e n t  f o r  f i n i t e l y  segmented 
3-7 L ines  o f  c o n s t a n t  c u r r e n t  f o r  f i n i t e l y  segmented 
3-8 L ines  o f  c o n s t a n t  c u r r e n t  ’3; f o r  f i n i t e l y  segmented 
channel, h i g h  c o n d u c t i v i t y  layer  . . . . . . . . . . . . .  44 
3-9 E l e c t r o d e  c u r r e n t  d i s t r i b u t i o n  f o r  v a r i o u s  degrees o f  
c o n d u c t i v i t y  n o n u n i f o r m i t y  f o r  t h e  cases i n  F i g s .  3-6 
th rough  3-8 . . . . . . . . . . . . . . . . . . . . . . .  46 
L ines  o f  c o n s t a n t  p o t e n t i a l  5’ f o r  f i n i t e l y  segmented 
channel, u n i f o r m  c o n d u c t i v i t y  . . . . . . . . . . . . . .  47 3-10 
3-11 L ines  o f  c o n s t a n t  p o t e n t i a l  7’ f o r  f i n i t e l y  segmented 
channel, low c o n d u c t i v i t y  l aye r  . . . . . . . . . . . . .  47 
L i v e s  o f  c o n s t a n t  p o t e n t i a l  5‘ f o r  f i n i t e l y  segmented 
channel, h i g h  c o n d u c t i v i t y  l aye r  . . . . . . . . . . . . .  47 3-12 
i x  
3-13 P o t e n t i a l  d i s t r i b u t i o n  5' a l o n g  i n s u l a t o r  wal I f o r  
v a r i o u s  degrees of c o n d u c t i v i t y  n o n u n i f o r m i t y  f o r  
t h e  cases i n  F i g s .  3-10 th rough  3-12 . . . . . . . . . . .  49 
3-14 L ines  o f  c o n s t a n t  c u r r e n t  7 f o r  f i n i t e l y  segmented 
channel, u n i f o r m  c o n d u c t i v i t y  . . . . . . . . . . . . . .  50 
L ines o f  c o n s t a n t  c u r r e n t  ;j; f o r  f i n i t e l y  segmented 
channel, low c o n d u c t i v i t y  l a y e r  . . . . . . . . . . . . .  50 
3-15 
3-16 L ines o f  c o n s t a n t  c u r r e n t  f o r  f i n i t e l y  segmented 
channel, h i g h  c o n d u c t i v i t y  l a y e r  . . . . . . . . . . . . .  50 
3-17 Deta i  I r e g i o n  o f  I i nes  o f  c o n s t a n t  c u r r e n t  7 near  
e l e c t r o d e s  w i t h  low and h i g h  c o n d u c t i v i t y  l a y e r s  . . . . .  51 
3-18 E l e c t r o d e  c u r r e n t  d i s t r i b u t i o n  f o r  v a r i o u s  degrees o f  
n o n u n i f o r m i t y  f o r  t h e  cases i n  F i g s .  3-14 th rough  3-16 . . 53 
3-19 L ines of  c o n s t a n t  p o t e n t i a l  F' f o r  f i n i t e l y  segmented 
channel, u n i f o r m  c o n d u c t i v i t y  . . . . . . . . . . . . . .  54 
channel, low c o n d u c t i v i t y  l a y e r  . . . . . . . . . . . . .  54 3-20 L ines of  c o n s t a n t  p o t e n t i a l  5' f o r  f i n i t e l y  segmented 
3-2 I L i  nes of  c o n s t a n t  p o t e n t i a  I T' f o r  f i n i t e  I y segmented 
channel, h i g h  c o n d u c t i v i t y  l a y e r  . . . . . . . . . . . . .  54 
3-22 Deta i  I r e g i o n  of  I i nes  o f  c o n s t a n t  p o t e n t i a l  T' near  
e l e c t r o d e s  w i t h  low and h i g h  c o n d u c t i v i t y  l a y e r s  . . . . .  55 
3-23 P o t e n t i a l  d i s t r i b u t i o n  7' a l o n g  i n s u l a t o r  f o r  v a r i o u s  
degrees o f  c o n d u c t i v i t y  n o n u n i f o r m i t y  f o r  t h e  cases i n  
Nondimensional t r a n s v e r s e  impedance ET f o r  f i n i t e l y  
segmented e l e c t r o d e s  w i t h  c o n d u c t i v i t y  n o n u n i f o r m i t y  
F igs .  3-19 th rough  3-21 . . . . . . . . . . . . . . . . .  56 
3-24 
g i ven  by Eq. (3-23) . . . . . . . . . . . . . . . . . . .  58 
3-25 Nond i mens iona I Ha 1 I p o t e n t i  a I vH f o r  f i n  i t e  I y segmented 
e l e c t r o d e s  w i t h  c o n d u c t i v i t y  n o n u n i f o r m i t y  g i v e n  by Eq. 
( 3 - 2 3 ) .  . . . . . . . . . . . . . . . . . . . . . . . . .  60 
3-26 Nondimensional t r a n s v e r s e  impedance R-,. f o r  f i n i t e l y  
segmented e l e c t r o d e  channel as a f u n c t i o n  of 
Nondimensional Hal I p o t e n t i a l  vH f o r  f i n i t e l y  segmented 
e l e c t r o d e  channel as a f u n c t i o n  o f  c o n d u c t i v i t y  
c o n d u c t i v i t y  n o n u n i f o r m i t y  g i v e n  by Eq .  (3-23) . . . . . .  61 
3-27 
nonun i fo rm i t y  g i v e n  by Eq. (3-23) . . . . . . . . . . . .  62 
X 
5- I 
5-2 
5- 5 
5-4 
5-5 
5- 6 
5-7 
6- I 
6-2 
6-3 
6- 4 
7- I 
7-  2 
7- 3 
7-4 
7-5 
7-6 
7- 7 
P o t e n t i a l  d i s t r i b u t i o n  T' w i t h  nonequi 1 i b r  
E i e c i r o d e  cut-rmt distribution w i t h  noneau 
c o n d u c t i v i t y  . . . . . . . . . . . . . . .  
c o n d u c t i v i t y  . 96 
um c o n d u c t i v i t y  96 
l i b r i u m  . . . . . . . .  98 
P o t e n t i a l  d i s t r i b u t i o n  7' along i n s u l a t o r  w i t h  
n o n e q u i l i b r i u m  c o n d u c t i v i t y  . . . . . . . . . . . . . . .  99 
E l e c t r o n  temperature f i e l d  w i t h  n o n e q u i l i b r i u m  
c o n d u c t i v i t y  . . . . . . . . . . . . . . . . . . . . . . .  100 
Joulean h e a t i n g  f i e l d  w i t h  un i fo rm c o n d u c t i v i t y  i n  
a r b i t r a r y  u n i t s  . . . . . . . . . . . . . . . . . . . . .  100 
Nondimensional i n t e r n a l  impedance and H a l l  v o l t a g e  w i t h  
n o n e q u i l i b r i u m  c o n d u c t i v i t y  . . . . . . . . . . . . . . .  103 
R a d i a t i o n  i n t e n s i t y  measurements o f  F i s c h e r  a long  a 
t r a v e r s e  across  t h e  channel i n t e r s e c t i n g  t h e  m idpo in ts  
o f  opposed i n s u l a t o r  segments . . . . . . . . . . . . . .  107 
P e r i o d i c  temperature pu lses  i n  a f i n i t e l y  segmented 
MHD channel . . . . . . . . . . . . . . . . . . . . . . .  I12  
E l e c t r o n  number d e n s i t y  response t o  p e r i o d i c  tempera ture  
p u l s e s .  . . . . . . . . . . . . . . . . . . . . . . . . .  114 
Average e l e c t r o n  number dens i t y  o v e r  one p e r i o d  w i t h  
p e r i o d i c  d i s tu rbances  fo r  va r ious  degrees o f  c o n v e c t i v e  
n o n e q u i l i b r i u m  . . . . . . . . . . . . . . . . . . . . . .  115 
C u r r e n t  d 
P o t e n t i a  I 
C u r r e n t  d 
i n  F ig .  7 
P o t e n t i a  I 
s t r i b u t i o n  T w i t h  f i n i t e  r a t e s  of  i o n i z a t i o n  . . 120 
d i s t r i b u t i o n  z' w i t h  f i n i t e  r a  es o f  i o n i z a t i o n  120 
s t r i b u t i o n  a long  e l e c t r o d e  f o r  t h e  case shown 
I . . . . . . . . . . . . . . . . . . . . . . .  121 
d i s t r i b u t i o n  a lona i n s u l a t o r  f o r  t h e  case u 
shown i n  F ig .  7-2 . . . . . . . . . . . . . . . . . . . .  122 
E l e c t r o n  temperature d i s t r i b u t i o n  =ie for  t h e case shown 
F igs .  7-1 and 7-2 . . . . . . . . . . . . . . . . . . . .  124 
E l e c t r o n  number d e n s i t y  d i s t r i b u t i o n  Rn 1 f o r  t h e  case 
shown i n  F igs .  7-1 and 7-2 . . . . . . . . . . . . . . . .  124 e 
C u r r e n t  d i s t r i b u t i o n  T w i t h  f i n i t e  r a t e s  o f  i o n i z a t i o n  
and t h e  geometry o f  F i s c h e r ' s  exper iment  . . . . . . . . .  128 
x i  
7-8 P o t e n t i a l  d i s t r i b u t i o n  T’  w i t h  f i n i t e  r a t e s  o f  i o n i z a t i o n  
f o r  t h e  case shown i n  F ig .  7-7 . . . . . . . . . . . . . .  128 
E l e c t r o n  temperature d i s t r i b u t i o n  Te f o r  t h e  case shown 
i n F i g .  7-7 . . . . . . . . . . . . . . . . . . . . . . .  129 
E lec t ron  number d e n s i t y  d i s t r i b u t i o n  Rn (n 1 f o r  t h e  case 
shown i n  F ig .  7-7 . . . . . . . . . . . . . . . . . . . .  129 
7-9 
7-10 e 
7-11 Convect ive n o n e q u i l i b r i u m  e f f e c t s  i n  a f i n i t e l y  segmented 
MHDchannel . . . . . . . . . . . . . . . . . . . . . . .  131 
7-12 Comparison of c a l c u l a t e d  e l e c t r o n  tempera ture  and number 
d e n s i t y  p r o f i l e s  w i t h  t h e  r a d i a t i o n  i n t e n s i t y  
measurements o f  F i sche r  . . . . . . . . . . . . . . . . .  132 
C - l  Recombination f requency o f  e l e c t r o n s  i n  potass ium . . . .  157 
x i  i 
L !  ST OF TABLES 
5- i  i i i i -sr i ia l  i m p e d a ~ c e  2nd Hall v o l t a g e  w i t h  n o n q q u i l i b r i u m  
c o n d u c t i v i t y  . . . . . . . . . . . . . . . . . . . . . . .  102 
7-1 I n t e r n a l  impedance and H a l l  v o l t a g e  w i t h  f i n i t e  r a t e  
e f f e c t s  . . . . . . . . . . . . . . . . . . . . . . . . .  126 
x i  i i 
NOMENCLATURE 
Where approp r ia te ,  t h e  equa t ion  i n  which t h e  symbol c h a r a c t e r i s t i -  
c a l l y  appears i s  s p e c i f i e d  i n  parentheses f o l l o w i n g  t h e  meaning. Sym- 
bols  de f ined  and used l o c a l l y  a r e  not l i s t e d  i n  t h i s  t a b l e .  
Upper-Case L a t i n  Symbols 
A ”  # Bn , cn 
e e e 
-+ 
B 
D 
DE’ EE 
DJ ’  EJ 
n 
FE’ FJ 
GE’ GJ 
C o e f f i c i e n t s  o f  q u a d r a t i c  forms (4-34) 
C o e f f i c i e n t s  of q u a d r a t i c  forms (4-25) 
C o e f f i c i e n t s  of q u a d r a t i c  forms (4-26) 
M a t r i x  c o e f f i c i e n t s  (4-49)  
C o e f f i c i e n t s  i n  t h e  q u a s i - l i n e a r  second-order o p e r a t o r  
LE (4-69)  
C o e f f i c i e n t s  i n  t h e  q u a s i - l i n e a r  second-order o p e r a t o r  
LJ (4-74) 
Magnet ic  f i e l d  i n t e n s i t y  
D i s c r i m i n a n t  
C o e f f i c i e n t s  
Coef f i c i e n t s  
E l e c t r  
E I e c t r  
E f f e c t  
4-76 1 
n t h e  second-order o p e r a t o r  LE (4-69) 
n t h e  second-order o p e r a t o r  LJ (4-74) 
c f i e l d  i n t e n s i t y  (2-1)  
c f i e l d  i n t e n s i t y  i n  moving gas frame ( 2 - 2 )  
ve f i e l d  due t o  e l e c t r o n - p r e s s u r e  g r a d i e n t  (2 -3)  
Nonuniform conduct  
Nonuni form conduct  
v i t y  f u n c t  
v i t y  f u n c t  
x i v  
ons (2-231, (2-24) 
ons (2-231, (2-24) 
QJ 
ff 
R 
RT 
f-+ 
S 
T 
One-aimensionai n o n u n i i o i m i f y  fu i ic t io i is  (3-91, !3-12!, 
(3- 15) 
Cumulat ive c u r r e n t  on e l e c t r o d e  
Net c u r r e n t  p e r  u n i t  channel depth i n  a x i a l  and t r a n s -  
ve rse  d i r e c t i o n s  (2-361, (2-38)  
C u r r e n t  d e n s i t y  (2-1 1 
E q u i l i b r i u m  cons tan t  i n  Saha e q u a t i o n  (2-29)  
Wave number 
N o n e q u i l i b r i u m  conduct 
t a t i o n  (4-68) 
N o n e q u i l i b r i u m  conduct 
s e n t a t i o n  (4-73)  
v i t y  o p e r a t o r  i n  f i e l d  represen- 
v i t y  o p e r a t o r  i n  c u r r e n t  rep re -  
Nonuniform c o n d u c t i v i t y  o p e r a t o r  i n  f i e l d  rep resen ta -  
t i o n  (2-18) 
Nonuniform c o n d u c t i v i t y  o p e r a t o r  i n  c u r r e n t  represen- 
t a t i o n  (2-18) 
Quadra t  
Quadra t  
Quadra t  
c form (4-33) 
c form (4-23) 
c form (4-23) 
Elec t ron -p ressu re  g r a d i e n t  c o n t r i b u t i o n  t o  t h e  combined 
c u r r e n t  conse rva t i on  e q u a t i o n  and Maxwell Faraday equa- 
t i o n  i n  t h e  f i e l d  r e p r e s e n t a t i o n  (2-13)  
Elec t ron -p ressu re  g r a d i e n t  c o n t r i b u t i o n  t o  t h e  combined 
c u r r e n t  conse rva t i on  e q u a t i o n  and Maxwell Faraday equa- 
t i o n  i n  t h e  c u r r e n t  r e p r e s e n t a t i o n  (2-16) 
Res i s tance  t e n s o r  ( 2 -  40) 
Nondimensional t r a n s v e r s e  impedance (2-47)  
Conductance t e n s o r  (2-39) 
Gas temperature (2-31 ) 
xv 
Te E l e c t r o n  temperature (2-31 1 
": 
V '  
Y 
- 
"H 
Vo l tage  i n  moving gas frame bel-ween a d j a c e n t  e l e c t r o d e s  
(2-36) 
Vo l tage  i n  moving gas frame ac ross  e l e c t r o d e s  (2-37) 
Nondimensional H a l l  v o l t a g e  (2-46)  
Lower-Case L a t  i n Symbo I s 
a 
e 
f 
f E  
h 
k 
R 
R 
9 
'd 
m 
n 
e 
e 
n e 
n:(Je) 
n 
S O  
+ 
qe 
qE 
Length o f  e l e c t r o d e  (2-37) 
E I e c t r o n  charge 
Degree of  i o n i z a t i o n  
N o n e q u i p a r t i t i o n  parameter (4-18) 
H e i g h t  of  channel (2-37) ;  P l a n c k ' s  c o n s t a n t  
Bo1 tzmann's c o n s t a n t  
P e r i o d  l e n g t h  of channel (2-37) 
E f f e c t i v e  l e n g t h  f o r  h e a t  conduc t ion  due t o  a tempera- 
t u r e  g r a d i e n t  (4-17) 
E f f e c t i v e  l e n g t h  f o r  d i f f u s i o n  due t o  e l e c t r o n - p r e s s u r e  
g r a d i e n t s  (4-16) 
Mass of e I e c t r o n  
Electron-number d e n s i t y  (2-27) 
Net p r o d u c t i o n  of e l e c t r o n s  due t o  i o n i z a t i o n  and re -  
comb ina t ion  (2-28) 
E q u i l i b r i u m  electron-number d e n s i t y  (2-29) 
I o n i z a b l e  spec ies  number d e n s i t y  b e f o r e  i o n i z a t i o n  
occu rs  
E l e c t r o n  h e a t - f l u x  v e c t o r  (2-32) 
C o e f f i c i e n t  i n  t h e  o p e r a t o r  ME (2-11) 
xv i 
I . I NTRODUZT i ON 
I .  I Background 
I n  r e c e n t  years  cons ide rab le  e f f o r t  
opment o f  c losed  c y c l e  magnetohydrodynam 
n o b l e  gas as  a work ing  f l u i d  w i t h  s l i g h t  
a l  ka l  i metal vapor, such as  potassium or 
has been devoted t o  t h e  deve I - 
c (MHD) genera to rs  u t i 1  z i n g  a 
a d d i t i o n s  o f  an e a s i l y  i on i zed  
cesium. P a r t i c u l a r  a t t e n t i o n  
has been g i v e n  t o  t h e  p o s s i b l e  o p e r a t i o n  o f  MHD genera to rs  o f  t h i s  type,  
such t h a t  n o n e q u i p a r t i t i o n  o f  e l e c t r o n  and gas temperatures occurs  as  a 
r e s u l t  o f  Joulean h e a t i n g  of  t h e  e l e c t r o n s  by t h e  c u r r e n t  f l o w i n g  i n  t h e  
gas.' S imple t h e o r e t i c a l  c o n s i d e r a t i o n s  i n d i c a t e  t h a t  t h e  enhanced 
e l e c t r o n  temperature w i l l  r e s u l t  i n  a h i g h e r  e l e c t r o n  number d e n s i t y  and 
t h u s  a conduc t ing  gas of lower i n t e r n a l  impedance than  would e x i s t  i f  
t h e  e l e c t r o n s  were a t  t h e  same temperature as  t h e  c ~ a 5 . l ~ ~  
r e t i c a l  p r e d i c t i o n s  have been e x p e r i m e n t a l l y  v e r i f i e d  f o r  nob le  gas 
plasmas desc r ibed  above, when an e l e c t r i c  f i e l d  i s  a p p l i e d  and t h e r e  i s  
no magnet ic  f i e l d  p r e ~ e n t . ~ , ~ ~ ~ , ~  
The c o n d i t i o n s  necessary f o r  n o n e q u i p a r t i t i o n  h e a t i n g  such t h a t  t h e  
These theo-  
e l e c t r o n s  g a i n  l a r g e  amounts o f  energy f rom t h e  f i e l d  and lose  it i n e f -  
f e c t i v e l y  t o  t h e  heavy p a r t i c l e s  i n  t h e  gas r e q u i r e  i n f r e q u e n t  e l e c t r o n -  
heavy p a r t i c l e  c o l l i s i o n s  and l a r g e  e l e c t r i c  f i e l d s .  I f  t h e  e l e c t r i c  
f i e l d  i s  t o  be m a g n e t i c a l l y  induced by t h e  mo t ion  o f  t h e  plasma th rough 
t h e  magnet ic  f i e l d ,  t hen  t h e  induced e l e c t r i c  f i e l d  w i l l  be p r o p o r t i o n a l  
t o  t h e  magnet ic  f i e l d  s t r e n g t h .  I f  v denotes t h e  e lec t ron-heavy  par -  
t i c l e  c o l l i s i o n  frequency and B denotes t h e  magnetic f i e l d  i n t e n s i t y ,  a 
c o n d i t i o n  f o r  n o n e q u i p a r t i t i o n  hea t ing  i s  t h a t  t h e  parameter B/v be e 
l a rge .  The H a i l  parameter f3 i s  de f i ned  as t h e  r a t i o  o f  t h e  e l e c t r o n  
e 
I 
g y r o  frequency i n  a magnet ic f i e l d  t o  i t s  heavy p a r t i c l e  c o l l i s i o n  f r e -  
quency and i s  g i v e n  by 6 = eB/meve, where e/me i s  t h e  e l e c t r o n  charge 
t o  mass ra t i o .  I t  can be seen, t h e r e f o r e ,  t h a t  t h e  c o n d i t i o n  f o r  t h e  
occurrence o f  n o n e q u i p a r t i t i o n  h e a t i n g  i s  That  t h e  H a l l  parameter be 
l a rge .  Thus, s i g n i f i c a n t  n o n e q u i p a r t i t i o n  h e a t i n g  i n  an a l k a l i  metal  
seeded noble gas MHD g e n e r a t o r  w i l l  i n v a r i a b l y  be accompanied by H a l l  
e f f e c t s .  P h y s i c a l l y ,  t h e  H a l l  e f f e c t  r e f e r s  t o  t h e  c o n d u c t i o n  process 
w i t h i n  a plasma i n  which an  e 
t i c  f i e l d  produces a componen 
p e r p e n d i c u l a r  t o  t h e  e l e c t r i c  
para 
pend 
r e n t  
e c t r i c  f i e l d  i n  t h e  presence o 
o f  c u r r e n t  f l o w  i n  t h e  d i r e c t  
and magnet ic f i e l d s  as w e l l  a s  
le1 t o  t h e  e l e c t r i c  f i e l d .  The component o f  c u r r e n t  wh 
c u l a r  t o  t h e  e l e c t r i c  and magnet ic f i e l d s  i s  c a l l e d  t h e  
To t h i s  date,  t h e  exper imenta l  d u p l i c a t i o n  o f  t h e  performance p re -  
d i c t e d  by s imp le  t h e o r y 2  w i t h  magnet ica l  ! y  induced e l e c t r i c  f i e i d s  has 
n o t  been ob ta ined .  Instead,  t h e  a c t u a l  performance o f  exper imenta l  gen- 
e r a t o r s  as r e f l e c t e d  i n  measured va lues  o f  t h e  i n t e r n a l  impedance has 
been c o n s i d e r a b l y  below t h e  performance p r e d i c t e d  by t h e  s i m p l e  theo -  
r i e s .  Whereas t h e  s imp le  t h e o r e t i c a l  p r e d i c t i o n s  o f  performance have 
been based upon t h e  e x i s t e n c e  o f  a u n i f o r m  plasma w i t h  u n i f o r m  p roper -  
t i e s ,  exper iment i n d i c a t e s  t h e  presence o f  l a r g e  f l u c t u a t i o n s  o f  t h e  
e l e c t r i c  c u r r e n t  i n  t i m e  and space and c o n c e n t r a t i o n s  of t h e  c u r r e n t  i n  
t h e  conduc t ing  gas, p a r t i c u l a r l y  near e l e c t r o d e s . ’  
N o n u n i f o r m i t i e s  i n  t h e  e l e c t r i c a l l y  c o n d u c t i n g  f l u i d  may a r i s e  f rom 
a v a r i e t y  o f  causes. E l e c t r o d e  segmentat ion i s  r e q u i r e d  w i t h  s t r o n g  
H a l l  e f f e c t s  t o  p reven t  t h e  f l o w  o f  a x i a l  ( H a l l )  c u r r e n t  i n  t h e  channel .  
2 
a magne- 
on m u t u a l l y  
a component 
c h  i s  p e r -  
Hal I c u r -  
The 
for  t h e  
des i  r a b  i 
S ince  such segmentat ion cannot  be i n f i n i t e l y  f i n e ,  n o n u n i f o r m i t i e s  i n  
t h e  p o t e n t i a l  and c u r r e n t  e x i s t  i n  the  v i c i n i t y  o f  t h e  e l e c t r o d e  seg- 
ments even i f  t h e  e l e c t r i c a l  c o n d u c t i v i t y  o f  t h e  gas i s  un i fo rm.  Spa- 
t i a l  n o n u n i f o r m i t i e s  i n  t h e  e l e c t r i c a l  c o n d u c t i v i t y  may a r i s e  f rom in -  
homogeneous m i x i n g  of  i o n i z a b l e  species i n  t h e  gas o r  f rom f l u c t u a t i o n s  
o f  t h e  f o r m  d iscussed by Ve l i khov6  and McCune?r* The e l e c t r i c a l  conduc- 
t i v i t y  may a l s o  e x h i b i t  n o n u n i f o r m i t i e s  i f  v a r i a b l e  f l u i d  p r o p e r t i e s  ex- 
i s t  near  su r faces  which a r e  heated or  coo led  o r  where f i n i t e  e l e c t r o d e  
segments induce n o n u n i f o r m i t i e s  i n  the  c u r r e n t  d i s t r i b u t i o n ,  which i n  
t u r n  produce nonuni form Joulean hea t ing  of  t h e  e l e c t r o n s .  
t he  e x i s t e n c e  of  severa l  mechanisms 
t i e s  i n  a gas t h e r e f o r e  suggest t h e  
e t h e o r i e s  p r e d i c t i n g  performance. 
Such a development of t h e o r y  t o  inc lude  n o n u n i f o r m i t i e s  would p r o v i d e  
improved p r e d i c t i o n s  of genera tor  performance; i n  a d d i t i o n ,  t h e  i n c l u -  
s i o n  of  n o n u n i f o r m i t y  e f f e c t s  would a i d  i n  t h e  unders tand ing  o f  mechan- 
isms which m i g h t  e x p l a i n  t h e  performance r e s u l t s  of  exper imenta l  gener- 
a t o r s  now a v a i l a b l e .  I n  what fo l l ows ,  u n i f o r m  c o n d u c t i v i t y  work and t h e  
l i m i t e d  amount of  nonuni form c o n d u c t i v i t y  work a v a i l a b l e  a r e  reviewed. 
The scope o f  t h e  p resen t  s tudy  i s  then presented .  
r e s u l t s  of  exper iment  and 
n t r o d u c t i o n  o f  nonun i fo rm 
i t y  o f  ex tend ing  t h e  simp 
1.2 Review o f  Un i fo rm C o n d u c t i v i t y  Work 
When t h e  e l e c t r i c a l  c o n d u c t i v i t y  of  t h e  plasma i n  an MHD channel i s  
un i fo rm,  t h e  govern ing  s teady -s ta te  e l e c t r o m a g n e t i c  and d i f f u s i o n  equa- 
t i o n s  reduce t o  t h e  Laplace equat ion  fo r  t h e  e l e c t r i c  p o t e n t i a l  o r  c u r -  
r e n t  s t ream f u n c t i o n  w i t h i n  t h e  gas.q The boundary c o n d i t i o n s  o f  i n t e r -  
3 
e s t  i n  f i n i t e l y  segmented e l e c t r o d e  channels  a r e  mixed, however, s i n c e  
e l e c t r o d e s  and i n s u l a t o r s  e x i s t  a d j a c e n t  t o  one ano the r  a l o n g  t h e  same 
boundary. I n  a d d i t i o n ,  t h e  v a n i s h i n g  o f  t h e  normal component o f  t h e  
c u r r e n t  on an  i n s u l a t i n g  boundary leads t o  a c o n d i t i o n  o f  t h e  form 
a @  a0 - - *  & - - 0  
an a t  
where 0 i s  t h e  e l e c t r i c  p o t e n t i a l  and n and t a r e  t h e  c o o r d i n a t e s  normal 
and t a n g e n t i a l  t o  t h e  boundary, r e s p e c t i v e l y .  I n  t h e  absence o f  t h e  
H a l l  e f f e c t  ( B  = 01, t h e  above c o n d i t i o n  reduces t o  a s i m p l e  Neumann 
c o n d i t i o n  on Q, on t h e  i n s u l a t i n g  boundary. When H a l l  e f f e c t s  a r e  p r e -  
sent,  t h e  c o n d i t i o n  i s  an Oblique Neumann c o n d i t i o n .  Bo th  t h e  mixed and 
o b l i q u e  Neumann n a t u r e  o f  t h e  boundary c o n d i t i o n s  p r o h i b i t  t h e  s o l u t i o n  
o f  t h e  Laplace e q u a t i o n  by t h e  s tandard techn iques .  
The f i r s t  s i g n i f i c a n t  s o l u t i o n  t o  t h e  f i n i t e l y  segmented MHD chan- 
ne l  w i t h  un form e l e c t r i c a l  c o n d u c t i v i t y  was o b t a i n e d  i n  1961 by H u r w i t z ,  
Sut ton,  and K i  I b.9 
boundary va ue problem u s i n g  conformal  t r a n s f o r m a t i o n s  under t h e  assump- 
t i o n  t h a t  i n  t h e  c e n t e r  o f  t h e  channel t h e  a x i a l  component o f  t h e  c u r -  
r e n t  d e n s i t y  was n e g l i g i b l y  sma l l .  I t  was shown t h a t  t h e  f i n i t e  l e n g t h  
o f  t h e  e l e c t r o d e  segments i nc reases  t h e  i n t e r n a l  impedance o f  t h e  chan- 
ne l  r e l a t i v e  t o  t h e  case where t h e  e l e c t r o d e  segmentat ion i s  i n f i n i t e l y  
f i n e .  I n  a d d i t i o n ,  t h e  a x i a l  v o l t a g e  g r a d i e n t  which developsAdue t o  t h e  
H a l l  e f f e c t  i s  depressed below t h a t  o b t a i n e d  w i t h  i n f i n i t e l y  f i n e  seg- 
men ta t i on .  
K i l b  was the  p r e d i c t i o n  o f  c o n c e n t r a t i o n s  o f  c u r r e n t  a t  t h e  e l e c t r o d e  
edges due t o  t h e  H a l l  e f f e c t .  
These inves- t igators  o b t a i n e d  s o l u t i o n s  t o  t h e  mixed 
A s i g n i f i c a n t  r e s u l t  of t h e  work o f  Hurw i t z ,  Sut ton,  and 
These c o n c e n t r a t i o n s  were found t o  become 
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more i n t e n s e  a s  t h e  H a l l  parameter 6 wa5 inzTeased. The work o f  Hur- 
w i t z ,  Sut ton,  and K i l b  was immediately f o l l o w e d  by a l a r g e  number o f  
p u b l i s h e d  s o l u t i o n s  concerned w i t h  v a r i o u s  k i n d s  o f  e l e c t r o d e  arrange-  
ments and geomet r i ca l  arrangements i n c l u d i n g  t h e  problem o f  end e f -  
f e c t ~ . ~ ~ , ~ ~ , ~ ~ ~ ~ ~  Conformal mapping methods were u t i  I ized i n  most o f  
t hese  s t u d i e s  as a means o f  d e a l i n g  w i t h  t h e  mixed boundary c o n d i t i o n s .  
A s l i g h t l y  d i f f e r e n t  approach t o  t h e  end e f f e c t  problem was g i v e n  by 
Dzung14 who used a s e r i e s  s o l u t i o n  technique.  
An a t t e m p t  was made t o  r e l a x  t h e  assumption of a v a n i s h i n g  a x i a l  
c u r r e n t  i n  t h e  Hurw i t z ,  Sut ton,  K i  I b  c a l c u l a t i o n  by Schultz-Grunow and 
Denze I . These i n v e s t  i g a t o r s ,  however , i nt roduced add i t  iona I approx i - 
mat ions  concerned w i t h  t h e  shape and l o c a t i o n  o f  t h e  d i v i d i n g  c u r r e n t  
l i n e  between e l e c t r o d e  segments. Even w i t h  these  s l i g h t l y  d i f f e r e n t  
assumptions, t h e  r e s u l t s  of these  c a l c u l a t i o n s  f o r  a l a r g e  range o f  
geomet r i es  were i n  s u b s t a n t i a l  agreement w i t h  those  o f  Hurw i t z ,  Sut ton,  
and K i  Ib.  
A numer ica l  r e l a x a t i o n  technique was employed by Crown15 i n  exam- 
i n i n g  t h e  i n f i n i t e l y  long segmented e l e c t r o d e  channel which was t h e  
problem o r i g i n a l l y  posed by Hurwi tz ,  Sut ton,  and K i l b .  The assumption 
o f  n e g l i g i b l e  a x i a l  c u r r e n t  was re laxed  by Crown and numerical  r e s u l t s  
were o b t a i n e d  i n  s u b s t a n t i a l  agreement w i t h  Hurw i t z ,  Sut ton,  and K i  I b .  
Crown's work was c o n f i n e d  t o  H a l l  parameters l e s s  than  two because o f  
numer ica l  i n s t a b i l i t i e s  which developed f o r  l a r g e r  H a l l  parameters.  
Cel i n s k i  and F i sche r16  developed numerical  s o l u t i o n s  t o  t h e  prob-  
lem cons ide red  by Crown. 
boundary c o n d i t i o n s  on t h e  i n s u l a t o r  which were n u m e r i c a l l y  s t a b l e  f o r  
By u t i l i z i n g  d i f f e r e n c e  formulas f o r  t h e  
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l a r g e  Ha l l  parameters, t h e  d i f f i c u l t y  encountered by Crown was c i r c u  - 
vented. An e x t e n s i v e  parameter s tudy  was completed by C e l i n s k i  and 
F i s c h e r  f o r  Hal I parameters as  l a r g e  a s  t e n .  I n  genera l ,  t h e  r e s u l t s  
show increases i n  t h e  i n t e r n a l  impedance o f  t h e  channel w i t h  f i n i t e  
e l e c t r o d e  segments and dec reas ing  H a l l  p o t e n t i a l .  The e f f e c t s  o f  v a r i -  
a b l e  e l e c t r o d e  t o  i n s u l a t o r  segment l e n g t h  r a t i o s  was a l s o  examined by 
C e l i n s k i  and F i s c h e r .  Such e f f e c t s  were a l s o  cons ide red  e a r l i e r  by W i -  
t a l  is .17 Bo th  s t u d i e s  showed t h a t  f o r  u n i f o r m  c o n d u c t i v i t y  t h e  minimum 
i n t e r n a l  impedance i s  o b t a i n e d  fo r  e l e c t r o d e  segments o f  t h e  same l e n g t h  
as t h e  i n s u l a t o r  segments, when t h e  H a l l  parameter i s  l a rge .  
1.3 Review o f  Nonuniform C o n d u c t i v i t y  Work 
The f i r s t  p u b l i s h e d  examina t ion  o f  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  i n  
magnetohydrodynamic genera to rs  was t h a t  of Rosa18 who cons ide red  t h e  e f -  
f e c t s  o f  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  c o n f i n e d  t o  one space dimension, 
Rosa showed t h a t  t h e  impedance o f  t h e  c u r r e n t  c a r r y i n g  gas i s  markedly 
increased by even s l i g h t  n o n u n i f o r m i t i e s  i f  s t r o n g  H a l l  e f f e c t s  a r e  p re -  
sen t .  I n  p a r t i c u l a r ,  Rosa cons ide red  t h e  e f f e c t s  o f  random nonun i fo rm i -  
t i e s  which m igh t  be due t o  inhomogeneous m i x i n g  o f  t h e  i o n i z a b l e  spec ies  
i n  t h e  gas. 
The occurrence o f  a nonuni form c o n d u c t i v i t y  due t o  J o u  ean h e a t i n g  
induced n o n e q u i p a r t i t i o n  o f  e l e c t r o n  and gas temperature w t h  subse- 
quent  i o n i z a t i o n  i n  t h e  h i g h  e l e c t r o n  temperature r e g i o n s  was f i r s t  ex- 
ami ned by Kerrebrock.  19,20 Ke r reb rock  assumed t h a t  t h e  e f f e c t s  c f  non- 
u n i f o r m  Joulean h e a t i n g  
o f  e l e c t r o d e  segments c o u l d  be approximated by assuming t h a t  such non- 
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of t h e  e l e c t r o r l s  r e s u l t i n g  f rom t h e  f i n i t e  s i z e  
u n i f o r m i t i e s  genera te  a l a y e r  o f  h i g h  e i e c t r i c a l  c o n d u c t i v i t y  o v e r  t h e  
conductors ,  b u t  t h a t  t h e  r e s u l t i n g  c u r r e n t  i s  u n i f o r m l y  d i s t r i b u t e d  ove r  
t h e  conduc to r .  T h i s  assumption c i rcumveniea t h e  d i f f T c . ! t y  of  t h e  mixed 
boundary v a l u e  problem. 
i e d  o n l y  i n  t h e  d i r e c t i o n  t r a n s v e r s e  t o  t h e  e l e c t r o d e s  i n  t h e  form 
= e  
By f u r t h e r  assuming t h a t  t h e  c o n d u c t i v i t y  v a r -  
-VY ( 1 - 1  1 U 
00 
- 
where y i s  t h e  d i s t a n c e  from t h e  e l e c t r o d e  i n  t h e  t r a n s v e r s e  d i r e c t i o n ,  
Ke r reb rock  was a b l e  t o  develop s e r i e s  s o l u t i o n s  t o  t h e  nonuni form con- 
d u c t i o n  problem. The parameters uo and v i n  t h e  c o n d u c t i v i t y  exp ress ion  
( 1 - 1 )  were f i x e d  by r e q u i r i n g  t h a t  t h e  c o n d u c t i v i t y  d i s t r i b u t i o n  be such 
t h a t  t h e  e l e c t r o n  energy equa t ion  be s a t i s f i e d  f o r  t h e  gas l a y e r  near 
t h e  e l e c t r o d e s .  An impor tan t  r e s u l t  o f  K e r r e b r o c k ' s  a n a l y s i s  was t h e  
p r e d i c t i o n  o f  a " s h o r t i n g "  e f f e c t  i n  which a l a y e r  of h i g h  c o n d u c t i v i t y  
would be generated o v e r  t h e  e l e c t r o d e  segments, t he reby  d e s t r o y i n g  t h e  
e f f e c t  of  t h e  segmentat ion.  T h i s  s h o r t i n g  e f f e c t  l ed  t o  t h e  e x i s t e n c e  
of  two modes of o p e r a t i o n :  one i n  which t h e  segmentat ion was f i n e  
enough t o  ach ieve  l a r g e  e l e c t r o n  temperature e l e v a t i o n  i n  t h e  core,  and 
t h e  o t h e r  i n  which t h e  coa rse  segmentat ion l ed  t o  a s h o r t i n g  o f  t h e  H a l l  
f i e l d  and v e r y  l i t t l e  e l e c t r o n  temperature r i s e  i n  t h e  c o r e  of t h e  chan- 
n e l .  
8 
Sherman21 has analyzed t h e  e f f e c t  o f  an e l e c t r i c a l  c o n d u c t i v i t y  u 
dependent upon t h e  l o c a l  c u r r e n t  d e n s i t y  j i n  t h e  gas o f  t h e  fo rm 
u = 00 + C I S 1  
where uo and C a r e  cons tan ts .  
problem fo r  t h e  f i n i t e l y  segmented e l e c t r o d e  channel was so l ved  by an 
expansion techn ique  f o r  smal l  C. Each inhomogeneous l i n e a r  problem i n  
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The r e s u l t i n g  n o n l i n e a r  boundary v a l u e  
t h e  expansion was so lved u s i n g  numer ica l  r e l a x a t i o n .  Sherman’s work was 
r e s t r i c t e d  t o  smal I va lues  o f  C and Hal I parameters o f  t h e  order- u n i t y  
o r  l ess .  The major  r e s u l t  o f  t h i s  s tudy  was t h e  c a l c u l a t i o n  of  decreases 
i n  H a l l  p o t e n t i a l  which occu r red  due t o  t h e  c u r r e n t  dependent c o n d u c t i v -  
i t y .  
1.4 The Scope o f  t h e  Present  Study 
I n  the  p resen t  s tudy  an examinat ion  o f  a v a r i e t y  o f  mechanisms dnd 
consequences o f  two d imensional  n o n u n i f o r m i t i e s  i n  MHD channs ls  a t t r i b -  
u t a b l e  t o  some of  t h e  causes d iscussed above w i l l  be under taken.  The 
p r i n c i p a l  tool  f o r  t h i s  s tudy  w i l l  be a numer ica l  s o l u t i o n  techn ique  f o r  
s o l v i n g  t h e  equat ions  govern ing  nonun i fo rm e l e c t r i c a l  conduc t ion .  
I n  chapter  2 a f o r m u l a t i o n  o f  t h e  equa t ions  govern ing  e l e c t r i c a l  
conduc t ion  w i t h  a nonuni form e l e c t r i c a l  conduc 
c l o s i n g  t h e  system of  equa t ions  a r e  presented .  
t roduces  model c o n d u c t i v i t y  d i s t r i b u t i o n s  and 
u n i f o r m  n o n e q u i l i b r i u m  c o n d u c t i v i t y  which cons 
e f f e c t s  o f  e l e c t r o n  
t h e  e l e c t r o n  f l u i d .  
I n  chap te r  3 e 
i v i t y  and methods fo r  
One of these  met-hods i n -  
he o t h e r  c o n s i d e r s  s n m -  
s t e n t l y  i n c o r p o r a t e s  t h e  
i o n i z a t i o n  and recomb ina t ion  and energy 
e c t r i c a l  conduc t ion  i n  an MHD channel w 
t r a n s f e r  t o  
t h  model 
c o n d u c t i v i t y  d i s t r i b u t i o n s  i s  examined. One d imensional  c o n d u c t i v i t y  
n o n u n i f o r m i t i e s  a r e  f i r s t  examined i n  t h e  presence o f  t h e  H a l l  e f f e c t .  
Numerical s o l u t i o n s  a r e  then  ob ta ined  t o  two d imensional  n o n u n i f o r m i t y  
s i t u a t i o n s  which a r i s e  w i t h  f i n i t e  e l e c t r o d e  segments. I t  w i l l  be shown 
t h a t  i n  genera l  t h e  e x i s t e n c e  o f  n o n u n i f o r m i t i e s  leads t o  a deg rada t ion  
of  performance as r e f l e c t e d  i n  increased i n t e r n a l  impedance o f  t h e  con- 
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d u c t i n g  gas and depressed Hal I v o i i a g e .  
I n  c h a p t e r  4 seve ra l  t h e o r e t i c a l  q u e s t i o n s  concern ing  i n s t a b i l i t i e s  
and t h e  steady s t a t e  c h a r a c t e r i s i i c s  o f  t h e  cond i i c t i ng  23s ? r e  cons id -  
ered. These i n s t a b i l i t i e s  a r i s e  when n o n e q u i p a r t i t i o n  h e a t i n g  o f  t h e  
e l e c t r o n s  occu rs  i n  a magnet ic f i e l d .  I t  w i l l  be shown t h a t  t h e r e  ex- 
i s t s  an impor tan t  correspondence between t h e  c o n d i t i o n s  f o r  s t a b i l i t y  
o f  t h e  non-steady equa t ions  and t h e  c o n d i t i o n  f o r  u n i f o r m  e l l i p t i c i t y  
of t h e  s teady equa t ions .  
I n  chap te r  5 t h e  f i n i t e l y  segmented e l e c t r o d e  MHD channel i s  exam- 
ined w i t h  a n o n e q u i l i b r i u m  c o n d u c t i v i t y  and nonuni form Joulean h e a t i n g  
a r i s i n g  f rom t h e  f i n i t e  s i z e  o f  e l e c t r o d e  segments. 
t i o n s ,  t h e  e l e c t r o n s  a r e  assumed t o  be i n  i o n i z a t i o n  
l o c a l  (nonun i fo rm)  e l e c t r o n  temperature.  I t  w i l l  be 
u n i f o r m  Joulean hea t ing ,  l i k e  o t h e r  n o n u n i f o r m i t i e s ,  
For  these  c a l c u l a -  
e q u i l i b r i u m  a t  t h e  
shown t h a t  t h e  non- 
leads t o  an i n -  
c rease  i n  i n t e r n a l  impedance and a r e d u c t i o n  o f  t h e  H a l l  v o l t a g e .  
C o n s i d e r a t i o n  o f  t h e  c o n d i t i o n s  under which t h e  e l e c t r o n s  may be 
d r i v e n  o u t  o f  i o n i z a t i o n  e q u i l i b r i u m  by gas dynamic connec t ion  i s  p re -  
sented i n  c h a p t e r  6. A model p e r i o d i c  temperature f i e l d  co r respond ing  
t o  t h e  p e r i o d i c  h i g h  temperature zones i n  a f i n i t e l y  segmented MHD chan- 
ne l  i s  u t i l i z e d  t o  s tudy t h e  response of t h e  e l e c t r o n  number d e n s i t y  t o  
tempera tu re  d i s t u r b a n c e s  i n  t h e  presence of a c o n v e c t i v e  n o n e q u i l i b r i u m .  
I n  c h a p t e r  7 t h e  problem of  a f i n i t e l y  segmented e l e c t r o d e  MHD chan- 
n e l  w i t h  Jou lean  h e a t i n g  induced n o n e q u i p a r t i t i o n  of  e l e c t r o n  and gas 
tempera tu re  i s  a g a i n  reconsidered.  
p e r i e n c e  an i o n i z a t i o n  n o n e q u i ! i b r i u m  due t o  gas dynamic convec t i on .  
I t  w i l l  be shown t h a t  t h e  e x i s t e n c e  o f  f i n i t e  r a t e s  o f  i o n i z a t i o n  and 
The e l e c t r o n s  a r e  now a l l owed  t o  ex- 
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recombina t ion  lead t o  an ant isymmetry  between t h e  upper e l e c t r o d e  w a l l  
and t h e  lower e l e c t r o d e  w a l l .  These r e s u l t s  w i l l  be shown t o  be i n  
q u a l i t a t i v e  agreement w i t h  exper imenta l  measurement. 
I O  
2. FORiviUiAT i ON 
I n  this chapter t h e  basic principles governing electricaZ coridiiction 
i n  a quasi-neutral gas are presented. 
equations are shown t o  contain unknom transport propeyty gradients and 
hence are not closed. 
introduces model conductivity dis tr ibut ions obtained e i ther  heuris t i -  
ca l l y  or from experimental data; the  second method i s  based on a non- 
equilibrium conductivity resul t ing from Joulean-heating induced noli- 
equipart i t ion of electron and gas temperature. Consideration is given 
t o  the  boundary conditions and magnetohydrodynamic channel geometry t o  
which the  basic principles  are t o  be applied. 
conductance tensors are described which r e f l e c t  t he  overall  e lec tr ica l  
behavior o f  the channel based upon the detailed d is t r ibu t ion  of current 
and potent ial  within the conducting gas. 
27ie e k z t r m m p e t i c  and d i f fus ion  
Two methods of closure are presented: one method 
Global resistance and 
2.1 E lec t romagne t i c  and D i f f u s i o n  Equat ions 
Consider  an o r thogona l  r ight -handed c o o r d i n a t e  system w i t h  axes de- 
-+ 
noted x, y, z, as shown i n  F i g .  2-1. A s t r o n g  imposed magnet ic f i e l d  B 
i s  o r i e n t e d  p a r a l l e l  t o  and i n  t h e  d i r e c t i o n  o f  t h e  p o s i t i v e  z a x i s .  I n  
t h e  x,y p l a n e  normal t o  8 a f l u i d  f l ows  w i t h  mass v e l o c i t y  u and a con- 
d u c t i o n  c u r r e n t  d e n s i t y  3 i s  e s t a b l i s h e d .  The changes in t i m e  which oc- 
c u r  i n  t h i s  medium a r e  assumed t o  be slow enough so t h a t  t h e  t i m e  depen- 
den t  terms i n  t h e  Maxwell-Faraday equa t ion  and t h e  c u r r e n t  c o n s e r v a t i o n  
e q u a t i o n  a r e  n e g l i g a b l y  s m a l l .  I f  t h e  imposed f i e l d  Ef i s  unper turbed by 
t h e  c u r r e n t  which f l o w s  i n  t h e  gas ( i . e . ,  t h e  magnet ic Reynolds Number 
o f  t h e  f l o w  i s  s m a l i ) ,  t h e  a p p r o p r i a t e  equa t ions  f o r  t h e  e l e c t r i c  f i e l d  
-+ 
X 
E 
a, 
t 
m 
>. 
Cn 
Q) 
t m c 
-+ c = (Ex,E ) and t h e  c u r r e n t  d e n s i t y  J = i J  
e q u a t i o n  and t h e  c u r r e n t  conse rva t i on  equa t ion  f o r  an e l e c t r i c a l l y  neu- 
t r a l  f l u i d :  
I > a r e  t h e  Maxwel I -  Faraday Y x ’Jy  
c u r l  ‘Z = o d i v  ;f = 0 (2-1 1 
The e l e c t r i c a l  conduc t ion  c u r r e n t  d e n s i t y  ;f i s  assumed t o  be domin- 
a t e d  by t h e  e l e c t r o n  conduc t ion  c u r r e n t .  The g e n e r a l i z e d  Ohm’s Law i s  
or  Z f = T * 7 - C .  (2-2  1 ++ n 7 = u  ( P t Z ) ,  n 
I n  Eq. (2-2) rep resen ts  t h e  e f f e c t i v e  f i e l d  a c t i n g  on t h e  e l e c t r o n s  n 
due t o  e l e c t r o n  p ressu re  g r a d i e n t s  and i s  g i v e n  by23 
k 
En = en e grad ( n  e Te)  ( 2-3 1 
+ +  
The f i e l d  f f  = E + u x B r e p r e s e n t s  t h e  e l e c t r i c  f i e l d  i n  t h e  moving 
f l u i d  frame o f  re fe rence .  The c o n d u c t i v i t y  t e n s o r  u and r e s i s t i v i t y  
f-f 
t e n s o r  p a r e  g i v e n  by 
The s c a l a r  c o n d u c t i v i t y  u, H a l l  parameter B ,  and c o e f f i c i e n t  a may be 
expressed as 
B 
-1 
The e l e c t r o n  mobi I i t y  i s  CI = e(m Cv .) , where v i s  t h e  average 
e J eJ e j  
e l e c t r o n  momentum t r a n s f e r  c o l l i s i o n  f requency w i t h  spec ies  j and m e 
i s  t h e  e l e c t r o n  mass. 
From equa t ion  (2 -1 )  t h e  e l e c t r i c  f i e l d  Z may be represented  as t h e  
For  those cases i n  which c u r l  (ux8 )  = 0, t h e  
+ 
g r a d i e n t  of  a p o t e n t i a l  0. 
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e l e c t r i c  f i e l d  E '  may a l s o  be rep resen ted  as  t h e  g r a d i e n t  o f  a p o t e n t i a l  
@ ' :  
Z' = -V@'. (2-5)  
For t h i s  case, 9 and @ '  a r e  r e l a t e d  by t h e  I i n e  i n t e g r a l  o f  ' f x 6 .  
s h a l l  assume i n  what follows t h a t  u i s ' a l w a y s  p r e s c r i b e d  such t h a t  t h e  
above i s  t r u e .  Equa t ions  (2-1) a l s o  p e r m i t  t h e  r e p r e s e n t a t i o n  o f  7 i n  
We 
-f 
terms o f  t h e  f l u x  f u n c t i o n  Q: 
- a$ 
J x - a y '  
S u b s t i t u t i n g  f rom Eqs. ( 2 - 2 )  i n t o  E q s .  (2-11, two  equ iva  
of equa t ions  f o r  i?' and 7 may be developed where each s e t  con 
( 2-6) 
e n t  s e t s  
a i n s  o n l y  
o r  7. The s e t  c o n t a i n i n g  t f  i s  termed t h e  fieZd representation: 
a E '  a E '  
ax ay E x  E y  E e ' e  X +  J +  q E '  + r E '  + Q ( n  T ) = 0, (2-7 1 
a E '  a E '  
2 - Y =  0, 
ay ax 
-+ 
The s e t  c o n t a i n i n g  o n l y  J i s  termed t h e  current representation: 
(2-8 1 
3J 
- + J = o .  a J X  (2-10)  
ax ay 
The f u n c t i o n s  appear ing i n  Eqs. ( 2 - 7 )  t h r o u g h  (2-10) a r e  d e f i n e d  as f o l -  
I ows : 
(2-1 1 )  
(2-1 2) 
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(2 -14 )  
(2-16) 
Under t h o s e  c i r cums tances  where t h e  “ f i e l d ”  En i s  much m a l  l e r  t h a n  t h e  
f i e l d  z’, t h e  te rms  QE(ne,Te) and QJ(ne,Te) i n  Eqs. (2 -7 )  and (2-9) be- 
come n e g l i g i b l e .  I f  t h e  p o t e n t i a l  change i s  o f  o r d e r  A @  o v e r  a r e g i o n  
i n  which t h e  e l e c t r o n  number d e n s i t y  changes s i g n i f i c a n t l y ,  i t  f o l l o w s  
f rom Eq. (2-3) t h a t  
En kTe/e 
E ’  A @  a 
- % -  (2-17)  
From (2-17) it can be seen t h a t ,  w i t h  s t r o n g  a p p l i e d  p o t e n t i a l s ,  En w i l l  
i n  genera l  be much s m a l l e r  t h a n  E‘; e x c e p t i o n s  occu r  f o r  such cases a s  
t h e  r e g i o n  o f  a plasma i n  c o n t a c t  w i t h  a c o l d  c a t a l y t i c  s u r f a c e  i n  t h e  
absence of a s t r o n g  a p p l i e d  f i e l d .  I f  QE(ne,Te) and QJ(ne,Te) a r e  ne- 
g l e c t e d ,  t h e  system of equa t ions  i n  e i t h e r  t h e  f i e l d  o r  t h e  c u r r e n t  rep -  
r e s e n t a t i o n  may t h e n  be combined by i n t r o d u c i n g  t h e  p o t e n t i a l  @ ’  ana 
f l u x  f u n c t i o n  $. I n  terms o f  t h e  second-order o p e r a t o r  
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t h e  fo rego ing  equa t ions  may be w r i t t e n  as 
M E ( @ ’ )  = 0 ,  MJ(J I )  = 0, (2-19) 
The f u n c t i o n s  q and r assume t h e  forms q rE and qJ, rJ, respec- 
t i v e l y ,  f o r  t h e  o p e r a t o r s  ME and M J .  The f u n c t i o n s  q and r v a n i s h  
i f  t h e  c o n d u c t i v i t y  i s  u n i f o r m .  
E, J E,J E’ 
E ’J  E,J 
E i t h e r  t h e  f i e l d  r e p r e s e n t a t i o n  or  t h e  c u r r e n t  r e p r e s e n t a t i o n  may 
be u t i l i z e d  i n  t h e  d e s c r i p t i o n  o f  t h e  e l e c t r i c  c o n d u c t i o n .  I n  much o f  
t h e  development which f o l l o w s ,  t h e  f i e l d  r e p r e s e n t a t i o n  w i l l  be used. 
The p a r a l l e l  development i n  t h e  c u r r e n t  r e p r e s e n t a t i o n  i s  s i m i l a r .  I n  
t h e  work which i s  t o  be descr ibed,  numer ica l  c a l c u l a t i o n s  have been pe r -  
formed us ing  bo th  r e p r e s e n t a t i o n s  t o  check f o r  c o n s i s t e n c y  o f  t h e  nu- 
m e r i c a l  r e s u l t s .  Once a s o l u t i o n  f o r  e i t h e r  @ ’  or  $ has been o b t a i n e d  
2-19), t h e  o t h e r  f u n c t i o n  may be o b t a i n e d  by 
on u s i n g  t h e  Ohm’s Law, Eqs. (2-2)  and t h e  
by s o l v i n g  e i t h e r  o f  Eqs. 
a s t r a  i gh t fo rward  i n t e g r a t  
d e f i n i t i o n s  (2-5) and (2-6 
2.2 Model C o n d u c t i v i t v  
The t r a n s p o r t  p r o p e r t i e s  which appear i n  Eqs. (2-7)  t h rough  (2-10) 
th rough  the  f u n c t i o n s  q and r a r e  as  y e t  u n s p e c i f i e d ;  hence, t h e  
e l e c t r i c a  equa t ions  a r e  n o t  c losed .  I n  t h e  p r e s e n t  a n a l y s i s ,  we s h a l l  
c o n s i d e r  wo methods o f  c l o s u r e .  I n  t h e  f i r s t ,  we may d i r e c t l y  i n t r o -  
duce heur  s t i c  mode2 d i s t r i b u t i o n s  o f  u ,  f3, p, and ne (o r  fn) i n t o  Eqs. 
(2-7) and (2-9) and examine t h e  e f f e c t s  o f  such d i s t r i b u t i o n s  on t h e  
r e s u l t i n g  c u r r e n t  and p o t e n t i a l  f i e l d s .  These p r o p e r t y  d i s t r i b u t i o n s  
may b e  c o n s t r u c t e d  t o  r e f l e c t  a c t u a l  J o u l e  h e a t i n g  e f f e c t s  i n  t h e  energy 
E’J E,J 
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e q u a t i o n  of t h e  gas; o r  i n  t h e  case wheie t h e  dynarnic a n d  t h e r m a i  s t a t e  
o f  t h e  gas i s  dominated by v i scous  and heat-conduct ion e f f e c t s  o f  t h e  
heavy spec ies  o f  t h e  gas, t hey  may be c a i c u i a t e d  from t h e  tempera tu re  
and d e n s i t y  f i e l d s  o f  e x i s t i n g  s o l u t i o n s  f o r  channel f l ows .  
The model d i s t r i b u t i o n s  m i g h t  a l s o  s i m u l a t e  t h e  e f f e c t  o f  h i g h  con- 
d u c t i v i t y  r e g i o n s  near c u r r e n t  c o n c e n t r a t i o n s  i n  segmented e l e c t r o d e  
magnetohydrodynamic channels;  o r  when i o n i z a t i o n  and recomb ina t ion  e f -  
f e c t s  a r e  impor tant ,  t h e  e f f e c t s  of  f r o z e n  i o n i z a t i o n  c o u l d  be modeled 
by l a y e r s  o f  u n i f o r m  c o n d u c t i v i t y  near t h e  conduc t ing  and i n s u l a t i n g  
s u r f a c e s  i n  t h e  channel as K e r r e b r o c k l g  has suggested. 
2.3 N o n e q u i l i b r i u m  C o n d u c t i v i t y  
The second method t o  be considered f o r  t h e  d e t e r m i n a t i o n  o f  t h e  
e l e c t r i c a l  t r a n s p o r t  p r o p e r t y  d i s t r i b u t i o n s  r e q u i r e d  i n  Eqs. (2-7)  and 
( 2 - 9 )  i n c o r p o r a t e s  t h e  e l e c t r o n  energy and i o n i z a t i o n  equa t ions .  For  
t h i s  method u ,  u and B a r e  regarded as  f u n c t i o n s  o f  t h e  l o c a l  thermo- 
dynamic s t a t e  of t h e  gas, which i s  f i x e d  by t h e  mass d e n s i t y  p ,  temper- 
a t u r e  T, and n e u t r a l  spec ies composi t ion.  T h i s  dependence i s  symbol ized 
B’  
as  p ,  T, .... 
from t h e  gas temperature and/or t h e  e l e c t r o n  number d e n s i t y  d e v i a t e s  
I n  t h e  even t  t h a t  t h e  e l e c t r o n  temperature Te d e v i a t e s  
f rom i t s  Saha E q u i l i b r i u m  value,  t h i s  s e t  of  s t a t e  v a r i a b l e s  must a l s o  
i n c l u d e  t h e  e l e c t r o n  temperature Te and t h e  e l e c t r o n  number d e n s i t y  ne. 
The t r a n s p o r t  p r o p e r t i e s  u ,  u and B a r e  t h u s  i n  genera l  f u n c t i o n s  o f  
t h e  s t a t e  v a r i a b l e s  p ,  T, ... , Te, ne. 
B’  
r J i n  Eqs. W i t h  t h i s  p o i n t  of view, t h e  terms qEE,’ rEE;, qJJx, J Y  
(2-7)  t h rough  (2-10) may now be expressed t o  r e v e a l  e x p l i c i t l y  t h e i r  
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dependence upon t h e  s t a t e  f u n c t i o n s  p ,  T, ... , Te, ne. 
n ( p ,  T, ... , Te, n ) r e p r e s e n t s  u ,  e 
o r  y, t h e  g e n e r a l i z e d  g r a d i e n t  a Rn(n)/aE may be expressed as  
Thus i f  q = 
o r  8 ,  and g r e p r e s e n t s  e i t h e r  x 
I f  t h e  g r a d i e n t s  o f  u ,  u 
pressed acco rd ing  to Eq. (2-201, t h e r e  r e s u l t s  f o r  Eqs. ( 2 - 7 )  and (2-9)  
and B appear ing i n  qE, rE, qJ, and r a r e  ex- B '  J 
aTe aTe + 
aE; aE ' 
- + y +  F ( T ) - + G ( T ) - -  
ax a Y  E e ax E e ay 
+ F ( n  )- a "e + G ( n  1- a "e + rE = 0, 
E e ax E e ay 
(2-21 1 
aTe + G ( T  1- + a J X  
aJ aTe - - 2 + F ( T ) -  J e ay ax J e ax a Y  
where 
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(2-24 
The f u n c t i o n s  rE, r c o n t a  
c i e s  p r o p e r t i e s  of t h e  gas 
J n t h e  e f f e c t s  o f  g r a d i e n t s  i n  t h e  heavy spe- 
The s u b s c r i p t s  on qE, rE, qJ, and rJ i n d i c a t e  t h a t  Te and ne a r e  t o  be 
h e l d  c o n s t a n t  w h i l e  t h e  d e r i v a t i v e s  o f  0, and B a r e  c a l c u l a t e d .  
I n  what f o l l o w s ,  t h e  d i s t r i b u t i o n s  of t h e  gas s t a t e  v a r i a b l e s  p ,  
a B 9  
T, ... a r e  assumed t o  be g i v e n  (hence t h e  f u n c t i o n s  rE, TJ a r e  p re -  
s c r i b e d ) ;  t h e  e l e c t r o n  tempera tu re  and number d e n s i t y  however a r e  de- 
te rm ined  by a p p r o p r i a t e  e l e c t r o n  c o n t i n u i t y  and energy equat ions,  which 
a r e  now desc r ibed .  
The e l e c t r o n  number d e n s i t y  n i s  governed by t h e  e l e c t r o n  c o n t i n u -  e 
i t y  equa t  i on22  
a "e 
a t  - + v  (2-27 ) 
For t h e  plasma o f  i n t e r e s t  
and recomb ina t ion  t e r m  ne i s  due p r i n c i p a l l y  t o  e l e c t r o n  n e u t r a l  impact 
and t h r e e  body recombinat ion,  so t h a t  
n t h e  p resen t  study, t h e  p a r t i c l e  p r o d u c t i o n  
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(2 -28  1 
2 2 ;I = an (n *  - ne , e e e  
where a(Te) i s  t h e  recomb ina t ion  c o e f f i c i e n t  and n: ( T  1 i s  t h e  e q u i l i b -  
r i u m  number d e n s i t y .  A t h e o r y  f o r  t h e  dependence o f  a on T i s  g i v e n  by 
Hinnov and H i r ~ c h b e r g ~ ~  (see a l s o  appendix C). 
e 
e 
The equi  I i b r i u m  number 
d e n s i t y  n z  ( T e )  i s  g i v e n  by Saha's r e l a t i o n :  
nZ2(Te) = nSK(Te), 
where t h e  equi  I i b r i u m  c o n s t a n t  K(Te) i s  
( 2-29) 
and G 
number 
s spec 
s a f a c t o r  i n v o l v i n g  s t a t i s t i c a l  we igh ts .  The i o n i z a b  
d e n s i t y  i s  ns and tzi i s  t h e  energy r e q u i r e d  t o  s i n g l y  
es atom. Using Eq. ( Z - I ) ,  Eq. ( 2 - 2 7 )  may be expressed 
2 2 - + v * ( n e Z )  = ane(nE - n e 1 .  a t  
The e l e c t r o n  f l u i d  energy e q u a t i o n  i n  a form s u i t a b l e  f o r  t h e  
under c o n s i d e r a t i o n  i s40 
-f 
9[n a t  e 2  (3'-T e + E ~ ) )  + V*[ne:(&Te + E . ) ]  I + pe v - u  + 
-f + v - q e  - 3-E) + en ( T ~  - T )  = 0 ,  e 
e spec ies  
o n i z e  an 
as 
( 2-30 )  
p I asma 
(2-31) 
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+ 
where q i s  t h e  e l e c t r o n i c  heat  f l u x  v e c t o r  and i s  g i v e n  by22 e 
and Xe i s  t h e  e l e c t r o n  f l u i d  thermal  conduct  
i s  p r o p o r t i o n a l  t o  t h e  r a t e  a t  which energy 
v i t y .  The c o e f f i c i e n t  8 
s t r a n s f e r e d  between t h e  
y e l a s t i c  
omic species, 
e l e c t r o n  f l u i d  and t h e  heavy spec ies  i n  t h e  gas. For pu re  
c o l l i s i o n a l  t r a n s f e r  f rom t h e  e l e c t r o n  f l u i d  t o  heavy mona 
0 i s  g i v e n  by2’ 
where m i s  t h e  mass o f  a heavy species p a r t i c l e .  I n  deve lop ing  t h e  
energy equa t ion  (2-31) i t  has been assumed t h a t  i n  t h e  volume o f  t h e  gas, 
t h e  s t r e s s  work and i n e l a s t i c  c o l l i s i o n a l  energy t r a n s f e r  terms which 
r e s u l t  i n  a loss of energy f rom t h e  gas a r e  smal l  compared t o  t h e  
Jou lean h e a t i n g  of t h e  d i f f u s i n g  e l e c t r o n s  and t h a t  t h e  heavy spec ies  
tempera tures  d i f f e r  n e g l i g i b l y  from t h e  gas tempera ture .  Therma! d i f -  
j 
ec ted  i n  bo th  t h e  e l e c t r o n  heat  f l u x  and f u s i o n  e f f e c t s  have been neg 
t h e  c u r r e n t  d e n s i t y .  
I t  i s  t o  be noted t h a t  
+ 
p, u, T, ... a r e  g iven,  Eqs. 
f t h e  heavy spec ies  p r o p e r t y  d i s t r i b u t i o n s  
(2-21) and ( 2 - 8 )  [or ( 2 - 2 2 )  and (2-10) ]  
w i t h  Eqs. ( 2 - 3 0 )  and (2-31) form a c losed  system f o r  EL, E ‘  
n and Te. 
( o r  J x ,  J 1 
Y ’  Y 
e’ 
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2.4 Boundary C o n d i t i o n s  and Channel Geometry 
2.4.1 The g a s - s o l i d  i n t e r f a c e  
The a p p l i c a t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  (2-7)  t h r o u g h  (2-10) 
t o  a gas i n  c o n t a c t  w i t h  conduc t ing  and i n s u l a t i n g  s u r f a c e s  w i l l  be con- 
s ide red .  n- 
t e r f a c e  which embodies t h e  e f f e c t s  o f  e l e c t r o d e  emiss ion  and absorp i o n  
extends over  a t h i n  r e g i o n  near t h e s e  s u r f a c e s  of t h e  o r d e r  of c o l l  - 
Lyubimov26 has suggested t h a t  t h e  gas-sur face e l  e c t r  i c a  I 
s i o n a l  f r e e  pa ths .  Some  investigator^^^ have proposed boundary c o n d i -  
t i o n s  which may i n  some sense model t h e  i n t e r f a c e  phenomena; however, i n  
t h e  i n t e r e s t  o f  e x p l i c i t l y  r e v e a l i n g  t h e  r o l e  o f  volume e f f e c t s ,  t h e  e f -  
f e c t  of  t h e  i n t e r f a c e  w i l l  be neg lec ted  e n t i r e l y  and t h e  conduc t ing  su r -  
f aces  i n  c o n t a c t  w i t h  t h e  gas w i l l  be assumed i n f i n i t e l y  conduct ing,  and 
t h e  p o t e n t i a l  o f  t h e  gas and t h e  c o n d u c t i n g  s u r f a c e  w i l l  be assumed 
i d e n t i c a l  a t  t h e  conduc t ing  su r face .  I n s u l a t i n g  s u r f a c e s  i n  c o n t a c t  
w i t h  t h e  gas a r e  assumed i n f i n i t e l y  nonconduct ing.  The boundary cond i -  
t i o n s  on t h e  gas a r e  t h e n  t h e  c o n d i t i o n  of  c o n s t a n t  p o t e n t i a l  @ on con- 
d u c t i n g  sur faces and t h e  v a n i s h i n g  o f  t h e  normal component of  c u r r e n t  
'rf on i n s u l a t i n g  su r faces .  
2.4.2 The i n f i n i t e l y  long p e r i o d i c  channel 
The geometry o f  i n t e r e s t  f o r  t h e  a p p l i c a t i o n  o f  t h e  f o r e g o i n g  equa- 
t i o n s  i s  a two-dimensional  channel w i t h  conduc to rs  and i n s u l a t o r s  a r -  
ranged i n  a'n i n f i n i t e l y  long p e r i o d i c  s t r u c t u r e  as shown i n  F i g .  2-1. 
The f l u i d  mass v e l o c i t y  i s  assumed t o  be i n  t h e  p o s i t i v e  x d i r e c t i o n  and 
t o  be a f u n c t i o n  of y o n l y :  u = u,(y). I t  i s  r e a d i l y  v e r i f i e d  t h a t  
X 
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t h e  c o n d i t i o n  c u r l ( u x B )  = 0 i s  s a t i s f i e d  ana t h a t  $ ’  a n d  Ca a r e  r e l a t e d  
DY 
For such a c o n f i g u r a t i o n ,  t h e  boundary c o n d i t i o n s  may be s p e c i f i e d  a s  
follows. The e x i s t e n c e  of p e r i o d i c  s o l u t i o n s  f o r  If‘, J r e q u i r e s  t h a t  
t h e  f l u i d  p r o p e r t i e s  a l s o  be p e r i o d i c .  Wh i le  t h i s  w i l l  i n  genera l  n o t  
be t h e  case, t h e  n o n p e r i o d i c  v a r i a t i o n  i n  t h e  impor tan t  parameters f o r  
+he d e t e r m i n a t i o n  of t h e  e l e c t r i c a l  t r a n s p o r t  p r o p e r t i e s  can, i n  many 
cases, be neg lec ted  o v e r  t h e  r e g i o n  c o n s i s t i n g  of seve ra l  p a i r s  of e l e c -  
t rodes .  Under such c i rcumstances the  p e r i o d i c i t y  c o n d i t i o n s  imposed on 
t h e  gas p r o p e r t i e s  a r e  ( f o r  p e r i o d  o f  l e n g t h  R )  
The p e r i o d i c i t y  o f  t h e  conductors  and i n s u l a t o r s  r e q u i r e s  
@ ‘ ( x  + R , y )  = @ ‘ ( x , y )  t v; , 
( 2 - 3 6 )  
where V ’  i s  t h e  a x i a l  v o l t a g e  d i f f e r e n c e  i n  p e r i o d  R and I i s  t h e  
X Y 
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t r a n s v e r s e  c u r r e n t  f l o w i n g  th rough  t h e  e l e c t r o d e s .  The remain 
a r y  c o n d i t i o n s  on @ I  on t h e  conduc t ing  and i n s u l a t i n g  s u r f a c e s  
f o r  1x1 < a/2, 
@ ‘ ( X , O )  = 0, @‘(x,h)  = V ‘  , 
Y 
and fo r  y = 0 o r  h,and e i t h e r  -R/2 < x < -a/2 
or  a/2 < x < R/2, J = 0 i m p l i e s  t h a t  
Y 
ng bound- 
a r e  
(2 -37  1 
- +  a @  B , , =  a@ 0. 
a Y  
The e l e c t r o d e  l e n g t h  i s  a, t h e  p e r i o d  l e n g t h  i s  R, and t h e  channel 
h e i g h t  i s  h. The boundary c o n d i t i o n s  on + o n  t h e  conduc t ing  and insu- 
l a t i n g  su r faces  a r e  
f o r  - k / 2  < x < -a/2; 
( 2-38 
and f o r  y = 0 or h, and 1x1 < a/2, E ‘  = 0 i m p l i e s  t h a t  
The p o t e n t i a l  V I  i s  t h e  t r a n s v e r s e  v o l t a g e  a c r o s s  opposed e l e c t r o d e s  i n  
t h e  p e r i o d  l e n g t h  R, and t h e  c u r r e n t  I x  i s  t h e  t o t a l  a x i a l  c u r r e n t  
f l o w i n g  i n  t h e  channel ,  assumed p o s i t i v e  i n  t h e  n e g a t i v e  x d i r e c t i o n .  
Y 
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I t  can be shown (appendix  E l  t h a t  t h e  s p e c i f i c a t i o n  of  a p a i r  f rom t h e  
I such as ( V ' , V ' ) ,  f o u r  " g l o b a l "  v o l t a g e s  and c u r r e n t s  V L ,  V\;, I x ,  
(I ,I 1, ( V ' , I  1, ( V ' J  j de ie rm inzs  a uniqiue d i s t r i b u t i o n  of  e l e c t r i c  
Y X  Y X  X Y  
f i e l d  and c u r r e n t  w i t h i n  t h e  gas. 
Y '  Y X  
2 .5  The Res is tance  and Conductance Tensors 
L e t  t h e  v e c t o r s  3'' 7 have components ? I =  ( V '  V I ) ,  f = (Ix,I 1. 
x' Y Y 
A r e s i s t a n c e  t e n s o r  F a n d  conductance t e n s o r  T= 
q u a n t i t i e s  may be d e f i n e d  as 
based upon these  
3' = IT. 7 ,  
where 
+-t 
R =  
The r e s i s t a n c e  t e n s o r  +? depends 
R R 
Rxx YX RxY1* Y Y  
( 2-39 
(2-40 ) 
pon t h e  d i s t r i b u t i o n  o f  t h e  e l e c t r i c a l  
t r a n s p o r t  p r o p e r t i e s  w i t h i n  t h e  gas, t h e  geomet r i ca l  parameters o f  t h e  
channel a, R ,  h, and, when n o n e q u i p a r t i t i o n  e l e c t r o n  h e a t i n g  i s  poss ib le ,  
t h e  p o t e n t i a l  v e c t o r  ?'. 
e l e c t r i c a l  power d i s s i p a t e d  i n  t h e  gas i n  a channel of l e n g t h  R i s  g i v e n  
I t  i s  r e a d i l y  shown (appendix  B )  t h a t  t h e  
bY 
Pd = I; Rxx + 1 2 R  + I I ( R  + R  ) .  
Y Y Y  x Y XY YX 
(2-41 ) 
The elements o f  7 t h e r e f o r e  rep resen t  t h e  i n t e r n a l  impedance o f  t h e  
channel .  
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Several s p e c i a l  cases a r e  of i n t e r e s t .  I n  t h e  i d e a l i z e d  case when 
t h e  conduc t ing  gas has u n i f o r m  e l e c t r i c a l  t r a n s p o r t  p r o p e r t i e s  and t h e  
e l e c t r o d e  segmentat ion i s  i n f i n i t e l y  f i n e ,  it f o l l o w s  from Eq. (2-2) 
t h a t  
where 
The u n i f o r m  c o n d u c t i v i t y  and H a l l  parameter f o r  such cases a r e  denoted 
0 0 ,  B o .  
A second s p e c i a l  case i s  t h a t  i n  which t h e  gas p r o p e r t i e s  may be 
nonuniform; however, t h e  H a l l  parameter i s  i d e n t i c a l l y  ze ro .  I n  t h a t  
event,  t he  p r i n c i p a l  impedances Rxx, R w i l l  be denoted Rxx(0),  R ( 0 ) .  
An impor tan t  mode of o p e r a t i o n  of  t h e  channel i s  t h a t  i n  which 
Y Y  Y Y  
I E 0 and power i s  t r a n s f e r r e d  i n t o  o r  o u t  o f  t h e  gas th rough  t h e  
t r a n s v e r s e  c i r c u i t .  T h i s  mode of o p e r a t i o n  i s  c a l  l ed  t h e  "Faraday 
Mode". I n  t h a t  event, t h e  i n t e r n a l  impedance of  t h e  channel t o  such 
power t r a n s f e r  i s  R . The v o l t a g e  which develops i n  t h e  a x i a l  d i r e c -  
t i o n  under such c i rcumstances can be shown from Eqs. (2-39) t o  be g i v e n  
X 
Y Y  
by 
v; = [ %";I 
r x = o  
(2-44 ) 
26 
The v o l t a g e  V L  g 
Hal I v o l t a g e  for  
ven by Eq. (2-443 i s  c a l  lcd t h e  H a l l  v o l t a g e .  The 
u n i f o r m  p r o p e r t i e s  i s  denoted V L o .  From Eq. (2-43:, 
v: 0 = Bo [;] v; . (2-45 1 
A non-dimensional H a l l  v o l t a g e  f o r  a general  nonuni form gas may be de- 
f i n e d  as  
V '  
X - 
'H E % '  
and a non-dimensional t r a n s v e r s e  impedance may be d e f i n e d  as 
(2-46) 
(2-47 1 
These non-dimensional q u a n t i t i e s  w I I  be u s e f u l  i n  d e s c r i b i n g  t h e  ove r -  
a l l  e l e c t r i c a l  performance t o  be d scussed i n  c h a p t e r s  3, 5, and 7. By 
v i r t u e  of  t h e  n o r m a l i z a t i o n  o f  R on t h e  impedance which occu rs  w;th 
u n i f o r m i t i e s  b u t  no Hal I e f f e c t ,  t he  parameter RT r e f l e c t s  those  e f f e c t s  
on performance which t h e  H a l l  e f f e c t  i n t r o d u c e s  o v e r  and above those  
in t roduced  by t h e  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  alone. 
Y Y  
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3. NONUNIFORM ELECTRICAL 
MODEL CONDUCTIVITY D 
CONDUCT 
STR I BUT 
ON WITH 
ON S 
In  t h i s  chapter solutions t o  the e lec tr ica l  equations (2-19) w i t h  
model conductivity dis tr ibut ions discussed i n  section 2.2 are presen- 
ted.  Consideration i s  f i r s t  given t o  nonunifom d is t r ibu t ions  i n  one 
dimension f o r  which s i rq le  analytical r e su l t s  are obtainable. Two- 
dimensional nonuniformities with f i n i t e  electrode segments are then 
considered and detailed numerical solutions f o r  potential  and current 
wi thin the gas are obtained. 
ations consisting o f  high and low cbvlductivity layers over the elec- 
trodes are examined. The d is t r ibu t ion  of current on a f i n i t e  electrode 
segment with a nonuniform layered conductivity i s  compared with experi- 
mental measurements. 
The e f f e c t s  of layered conductivity vari-  
3. I 
3.1.1 One-dimensional n o n u n i f o r m i t y  s o l u t i o n s  
One-Di mensi ona I Nonun i fo rm i  t i es 
I n  t h e  l i m i t  i n  which t h e  e l e c t r o d e  s t r u c t u r e  o f  a l i n e a r  rnagneto- 
hydrodynamic channel becomes e i t h e r  i n f i n i t e l y  f i n e l y  segmented or con- 
t i nuous ,  n o n u n i f o r m i t i e s  r e s u l t i n g  from t h e  f i n i t e  s i z e  of e l e c t r o d e  
segments vanish.  I f  i n  a d d i t i o n  p r o p e r t y  v a r i a t i o n s  occu r  i n  o n l y  one 
o f  t h e  c o o r d i n a t e  d i r e c t i o n s ,  t h e n  bo th  t h e  f l u i d  v a r i a b l e s  and geomet- 
r i c a l  v a r i a b l e s  a r e  u n i f o r m  i n  one of t h e  c o o r d i n a t e  d i r e c t i o n s .  Solu- 
t i o n s  o f  t h e  e l e c t r i c a l  equa t ions  (2-7)  and ( 2 - 8 )  or  (2-9) and (2-10) 
a r e  now developed f o r  t h i s  case when t h e  e l e c t r o n  p ressu re  g r a d i e n t  
f i e l d  Fn i s  n e g l i g i b l e .  
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Cons ider  t h a t  a l l  v a r i a b l e s  a r e  
t h a t  
a 
ax X Y X Y  - (E‘,E’,J ,J 
ndependent o f  
u,B) = 0. 
Us ing  t h e  above c o n d i t i o n ,  t h e  Maxwell Equat ion  c u r l  
r e n t  c o n s e r v a t i o n  equa t ion  V*J = 0 become 
he x coordinate so 
g’ = 0 and t h e  c u r -  
I t  t h u s  f o l l o w s  t h a t  EA and J 
f u n c t i o n s  o f  y. 
d e f i n e d  as  
a r e  constants ,  b u t  t h a t  E ’  and Jx  may be 
Y Y 
I f  t h e  average o p e r a t i o n  <> f o r  any f u n c t i o n  f ( y )  i s  
(3-1 1 
i h  
< f ( y ) >  = - f ( y ) d y ,  
h o  
t h e n  Ec;.(2-2) of chap te r  2, w i t h  EA = 0, may be so lved fo r  E ’  and Jx 
i n  te rms o f  E ’  and J and t h e n  averaged acco rd ing  t o  Eq. ( 3 - 1 ) .  The 
r e s u  I t i s  
Y 
X Y 
These equa t ions  were f i r s t  ob ta ined  by Rosa18, who used them t o  examine 
t h e  e f f e c t s  of random one-dimensional n o n u n i f o r m i t i e s  i n  a conduc t ing  
gas. 
may be regarded a s  a ”g loba l  Ohm’s Law” fo r  a nonuni form gas. 
form i s  ach ieved by s o l v i n g  Eqs. (3-2) e x p l i c i t l y  f o r  <Jx>, J 
Rosa ls  Eqs. (3-2) may be c a s t  i n  a u s e f u l  and compact form which 
T h i s  
i n  terms 
Y 
of  EA, <E ’> :  
Y 
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The inverse  of  E q s .  (3-3)  i s  
The r e s i s t a n c e  t e n s o r  may be e x t r a c t e d  from E q s .  
t h e  case o f  one-dimensional n o n u n i f o r m i t i e s .  
3.1.2 The r e s  
The g loba 
by n o t i n g  t h a t  
c E  
Y 
<Jx> 
J 
Y 
(3 -4)  
(3-3)  and (3 -4)  f o r  
s tance t e n s o r  
v o l t a g e s  and c u r r e n t s  V l ,  V;, Ix, I may be in t roduced  
Y ’  
by d e f i n i t i o n  
V ’  
X - 
E: - - -  R ’  
V ’  
< E ’ >  = - - Y 
Y h ’  
X 
I 
<Jx> = - - h ’  
I 
J = - $ .  
Y 
I n  terms of t h e  v e c t o r s  3, (V;,Vl, and 7 (Ix,I 1, E q s .  (3-3) and (3 -4)  
Y Y 
a r e  
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3' = F *  T ,  7 = y. p, (3-6) 
where t h e  g l o b a l  r e s i s t a n c e  and conductance f e ~ s o r s  a r e  de f ined  as 
< 1 + 62, 
U 
G 
1 
(3 -8  ) 
c o n t a i n s  t h e  c o u p l i n g  of n o n u n i f o r m i t i e s  and t h e  Ha 
equal t o  u n i t y  i n  a u n i f o r m  gas. Based upon t h e  de 
c h a p t e r  2, t h e  non-dimensional t r a n s v e r s e  impedance 
VH f o r  Faraday o p e r a t i o n  (I = O )  a r e  
- 
X 
where 
R 
Y Y  
B '  
- = = 1 + G  
R ( 0 )  RT 
I e f f e c t  and i s  
i n i t i o n s  g i v e n  i n  
RT and H a l l  v o l t a g e  
- 
(3-1 0)  
(3-1 I )  
I n  those cases where B i s  un i form,  t h e  above r e s u l t s  reduce t o  
G = 1 + G*(1 + B 2 ) ,  (3-13) 
(3-14)  
where 
Thus f o r  u n i f o r m  B ,  t h e  non-dimensional impedance and H a l l  v o l t a g e  be- 
come 
(3-16) 
I t  may be observed t h a t  when G* -+ 0, t h e  u n i f o r m  c o n d u c t i v i t y  r e s u l t s  
a r e  obta ined:  
- - 
RT -+ 1 and VH -+ 1, as  G* -+ 0. 
For  v e r y  s t r o n g  n o n u n i f o r m i t i e s ,  G* -+ 0 0 ,  and t h e r e  r e s u l t s  t h e  l i m i t  
- 'ir, -f ( 1  + B 2 )  and V, -+ 0, as G* -+ w .  
I t  may be noted t h a t  t h e s e  l i m i t i n g  v a l u e s  f o r  s t r o n g  n o n u n i f o r m i t i e s  
a r e  p r e c i s e l y  t h e  same as t h e  r e s u l t s  f o r  con t inuous  e l e c t r o d e s  ( E i r C ) .  
Thus, s t rong  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  may d e s t r o y  t h e  e f f e c t  of 
e l e c t r o d e  segmentation, even i f  such segmentat ion i s  i n f i n i t e l y  f i n e .  
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3. I .3 P c t e n t i a l  and c u r r e n t  a i s t r i b u t i o n s  
The p o t e n t i a l  @’ (x , y )  and c u r r e n t  f l u x  f u n c t i o n  + (x , y )  may be cb- 
-f 
t a i n e d  by i n t e g r a t i n g  E q s .  ( 2 - 2 )  w i t h  E = 9 ar?d !sin9 t h e  c o n d i t i o n  
f o r  one-dimensional n o n u n i f o r m i t i e s  i n  t h e  y d i r e c t i o n  t h a t  E ‘  and J 
a r e  cons tan ts .  The r e s u l t s  i n  terms o f  V L ,  I a r e  
n 
X Y 
Y 
The f u n c t i o n s  8 ( y ) ,  g ( y ) ,  and 6 ( y )  a re  d e f i n e d  as  B 
3.1.4 Layered c o n d u c t i v i t y  n o n u n i f o r m i t i e s  
To o b t a i n  s p e c i f i c  r e s u l t s  from t h e  genera l  f o r m u l a t i o n  descr ibed 
above, t h e  f o l l o w i n g  form o f  t h e  model c o n d u c t i v i t y  w i l l  be considered.  
For s i m p l i c i t y ,  t h e  H a l l  parameter 6 w i l l  be taken as a cons tan t ,  and 
a ( y )  i s  assumed t o  be o f  t h e  form 
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f o r  0 s y 5 6, u ( y )  = u W + (a, - a w )  ; ,
f o r  6 I y 5 h-6, u ( y )  = a, , (3-23 1 
u ( y )  = u + (u, - u 1 . 
W w h-6 f o r  h-6 5 y s h, 
T h i s  d i s t r i b u t i o n  rep resen ts  l a y e r s  of  t h i c k n e s s  6 of  h i g h  o r  low con- 
d u c t i v i t y  ove r  t h e  e l e c t r o d e s  and i n s u l a t o r s .  The c o n d u c t i v i t y  i n  t h e  
t h e  co re  o f  t h e  gas i s  o, and uw i s  t h e  c o n d u c t i v i t y  a t  t h e  e l e c t r o d e -  
i n s u l a t o r  w a l l .  Such a d i s t r i b u t i o n  would be c h a r a c t e r i s t i c  o f  h e a t i n g  
o r  c o o l i n g  near t h e  e l e c t r o d e  w a l l s  w i t h  6 r e p r e s e n t i n g  a c h a r a c t e r i s t i c  
l a y e r  th i ckness .  T h i s  d i s t r i b u t i o n  c o u l d  a l s o  r e p r e s e n t  l a y e r s  o f  f r o -  
zen i o n i z a t i o n  o v e r  t h e  e l e c t r o d e s  and i n s u l a t o r s ,  as  suggested by Ker- 
rebrock .  9, 2 o  
The c o n d u c t i v i t y  n o n u n i f o r m i t y  f u n c t i o n  G* has been c a l c u l a t e d  f o r  
t h i s  model d i s t r i b u t i o n  and i s  shown i n  F i g .  3-1 f o r  va lues  o f  6/h and 
uw/uo. The non-dimensional t r a n s v e r s e  impedance and H a l  I v o l t a g e  
a r e  shown i n  F igs .  3-2 th rough  3-5 f o r  v a r i o u s  va lues  of uw/uo and B .  
I n  F i g .  3-2, t h e  nondimensional impedance FT i s  shown as a f u n c t i o n  
of  t h e  H a l l  parameter e for- v a r i o u s  va lues  of  u /uo. The nondimen- 
s i o n a l  H a l l  v o l t a g e  vH i s  shown i n  F ig .  3-3 f o r  these same cases. 
shown f o r  re fe rence  i s  t h e  v a l u e  o f  5 f o r  con t inuous  e l e c t r o d e s .  
can be seen t h a t  t h e  impedance i s  increased and t h e  H a l l  v o l t a g e  de- 
creased as a r e s u l t  o f  t h e  n o n u n i f o r m i t i e s .  T h i s  d e t e r i o r a t i o n  o f  pe r -  
formance becomes more pronounced f o r  l a r g e  H a l l  parameters.  I n  F i g s .  
3-4 arid 3-5 t h e  e f f e c t  of n o n u n i f o r m i t i e s  f o r  a f i x e d  va lue  o f  H a l l  pa- 
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rameter i s  exarrlt ned. As t h e  nonun 1 f o r m i t y  i s  i nc redsed,  t h e  perfor-mani 
a g a i n  e x h i b i t s  d e t e r i o r a t i o n ,  I t  should GC? notea t h a t  b o t h  hygh a r 3  c .  
c o n d c c t i v i t y  l a y e r s  cause increased i n t e r n a l  impedance, even though d 
h i g h  c o n d u c t i v i t y  i a y e r  i n  t h e  absence of  H a l l  e f  
decrease i r :  i n t e r n a l  impedance. T h i s  f a c t  may be 
examining R normal i zed  on - ~o [TI, t h e  impedance 
o f  un i fo rm c o n d u c t i v i  i y  d t  ti-ie c o r e  v a l u e  uo. 1-t- 
1 h  
Y Y  
e c t s  would lead t o  a 
seen more c l e a r l y  by 
o f  t h e  gas i f  i t  wt?re 
s non-dimensional i m -  
pedance i s  a l s o  shown i n  F i g .  3-4 and i s  a lways g r e a t e r  t h a n  u n i t v .  
i t  shocrld a l s o  be no ted  t h a t  t h e  performance d e g r a u d t i o n  snohn i n  
F i g s .  3-4 and 3-5 i s  more pronounced f o r  h i g h  c o n d u c t ; v i t y  l a y e r s  thE:1 
f o r  loh c o n d u c t i v i t y  l a y e r s .  
3.2 T wo-Dirnens iona I honun i form i t i e s  
3.2.1 The non-dimensional equa t ions  
I n  t h e  absence of  s i g n i f i c a n t  d i f f u s i o n  o f  charge Qlle t o  e lec t ro r -  
p r e s s u r e  g r a d i e n t s  arid an e l e c t r i c a l  c o n d u c t i v i t y  s p e c i f i e d  as  a func-  
t i o n  o f  space w i t h i n  t h e  channel ,  t h e  gove rn ing  equa t ions  t o r  t h e  po- 
t e n t i a l  @ '  and t h e  f l u x  f u n c t i o n  + were shown t o  be ( s e c t i o n  2.1) 
Y E W  = 0, MJ 
The o p e r a t o r s  ME and b1 a r e  de 
d i e n t s  of t h e  g i v e n  e l e c t r i c a i  
J ined i n  s e c t  on 2. 
co r i c iuc t i v i t y  d i s t r  
equa t ions  may be non-dimensional i zed  as to1 lows. 
and c o n t a i n  t h e  j r a -  
b u t i o n ,  Tht. abova 
L e t  V, be a charac-  
t e r i s t . c ;  v o ! t a y s  al ia 1, 1- a,V,R/h a c h a r a c t e r i s t i c  c u r r e n t  p d r  u 7 i t  
ctiannel depth where c ,  i s  3 c h a r a c t e r i s t i c  c o n d b c t l v i t y .  ie: h i  1-t.e 
channel keigh-t,  be 3 c t , s r a c t e r i s t i e  i eng th ,  A n o n i i  ttric:risionsl p o f e n t i a l  
40 
and f l u x  f u n c t i o n  may be de f i ned  as 
- 
and nondimensional  o p e r a t o r s  RE, MJ as 
- 
ME E hzME, 
The Eqs. (3-24) become 
- 
MJ E h2MJ. (3-25 ) 
The boundary c o n d i t i o n s  d iscussed i n  s e c t i o n  2.4 become, i n  nondimen- 
s i o n a l  form, 
P e r i o d i c i t y :  
C o n d u c t o r - i n s u l a t o r  c o n d i t i o n s  i n  F i e l d  r e p r e s e n t a t i o n :  
- - @'(X,O) = 0, VG,1)  = B' 
Y '  f o r  -Z/2 < X < Z/Z, 
(3-28) 
f o r  7 = 0, I and e i t h e r  -T/Z < X < - ~ / Z  o r  Z/Z < X < T / z ,  
41 
Conduc to r - i nsu la to r  c o n d i t i o n s  i n  c u r r e n t  r e p r e s e n t a t i o n :  
aP aT 
a7 ax 
fo r  y = 0,I and -a/2 < x < a/2, ---e= 0 ,  
The nondimensiona 
The nondimensiona 
p o t e n t i a l  and t o t a l  c u r r e n t  a r e  d e f i n e d  as  
I 
- x  - -  
I x  - I o  ’ 
leng ths  a r e  
- - - - 
x 5 x/h, y y/h, a E a/h, R E R/h. 
I n  t h e  c a l c u l a t i o n s  which f o l l o w ,  t h e  c h a r a c t e r i s t i c  v o l t a g e  V, i s  se- 
l e c t e d  as V ‘  so t h a t  8‘ = I ,  Io = aoV’R/h. 
Y Y Y 
3.2.2 Layered c o n d u c t i v i t y  n o n u n i f o r m i t i e s  
I n  t h e  case of  f i n i t e l y  segmented conductors ,  t h e  s o l u t i o n s  o f  t h e  
boundary va lue  problem desc r ibed  by t h e  f o r e g o i n g  equa t ions  w i t h  a model 
nonuni form c o n d u c t i v i t y  were o b t a i n e d  n u m e r i c a l l y .  ( A  d i s c u s s i o n  o f  t h e  
numerical  procedures i s  g i v e n  i n  Appendix A . )  The e f f e c t s  o f  layered 
c o n d u c t i v i t y  n o n u n i f o r m i t i e s  w i t h  f i n i t e  e l e c t r o d e  segments w i l l  now be 
descr  i bed. 
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Cons ider  a model d i s t r i b u t i o n  of u accord ing  t o  Eq. ( 3 - 2 3 )  w i t h  a 
H a l l  parameter  o f  u n i t y .  I n  such a s i t u a t i o n  p r o p e r t y  v a r i a t i o n s  occur  
i n  t h e  y d i r e c t i o n  and e lec t rode- induced n o n u n i f o r m i t i e s  occur  i n  t h e  x 
d i r e c t i o n .  The c u r r e n t  d i s t r i b u t i o n  f o r  t h i s  case w i t h  a u n i f o r m  con- 
d u c t i v i t y  i s  shown i n  F i g .  3-6 f o r  re fe rence.  I n  F i g .  3-7, t h e  c u r r e n t  
d i s t r i b u t i o n  fo r  a low c o n d u c t i v i t y  l a y e r  w i t h  d/h = 0.2, u /a, = 0.2 
i s  shown. I t  can be seen t h a t  t h e  low c o n d u c t i v i t y  l a y e r  tends  t o  
s t r a i g h t e n  t h e  c u r r e n t  i n  t h e  c o r e  o f  t h e  gas r e l a t i v e  t o  t h e  un i fo rm 
c o n d u c t i v i t y  case. T h i s  s t r a i g h t e n i n g  e f f e c t  r e s u l t s  because t h e  low 
c o n d u c t i v i t y  gas near t h e  i n s u l a t o r s  a c t s  as  a r e g i o n  of h i g h  e l e c t r i c a l  
impedance i n  which t h e  c u r r e n t  tends n o t  t o  f l ow .  The c u r r e n t  t h e r e f o r e  
tends  t o  f l o w  d i r e c t l y  across  t h e  channel from e l e c t r o d e  t o  e l e c t r o d e .  
I n  F i g .  3-8, t h e  c u r r e n t  d i s t r i b u t i o n  f o r  a h i g h  c o n d u c t i v i t y  l a y e r  w i t h  
6/h = 0.2, CI /a, = 5 i s  shown. I n  t h i s  case, t h e  h i g h  c o n d u c t i v i t y  
l a y e r  tends  t o  s h o r t  o u t  t h e  e f f e c t  o f  t h e  i n s u l a t o r  s i n c e  t h e  h i g h  con- 
d u c t i v i t y  r e g i o n  o v e r  t h e  i n s u l a t o r s  a c t s  as  a r e g i o n  of  low impedance 
i n  which t h e  c u r r e n t  r e a d i l y  f l ows .  The gas i n  t h e  c o r e  i s  t h u s  i n  t h e  
presence o f  an e l e c t r o d e  w a l l  which appears ve ry  much l i k e  a cont inuous  
e l e c t r o d e ;  t hus  t h e  c u r r e n t  i n  t h e  core tends  t o  f l o w  a t  t h e  H a l l  ang le  
tan ' l ( f3 ) .  
c u r r e n t  must e x i s t  t o  p r o v i d e  a p a t h  f o r  t h e  c u r r e n t  a t t r a c t e d  t o  t h e  
i n s u l a t o r  r e g i o n  t o  f l ow  i n t o  t h e  e l e c t r o d e .  I t  shou ld  a l s o  be noted 
t h a t  t h e  d i v i d i n g  c u r r e n t  s t r e a m l i n e  between e l e c t r o d e  p a i r s  has s h i f t e d  
from i t s  p o s i t i o n  near  t h e  c e n t e r  o f  t h e  i n s u l a t o r  w i t h  a u n i f o r m  con- 
d u c t i v i t y  towards t h e  l e f t  hand lower e l e c t r o d e  edge w i t h  a h i g h  con- 
d u c t i v i  t y  l aye r .  
W 
W 
Near t h e  e l e c t r o d e  edge a l a r g e  l o c a l  a x i a l  component o f  
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I n  F i g .  3-9 t h e  c u m u l a t i v e  d i s t r i b u t i o n  of normal c u r r e n t  ove r  t h e  
e I e c t r o d e  
i s  shown f o r  t h e  f o r e g o i n g  cases. I t  can be seen t h a t  a l a y e r  o f  low 
c o n d u c t i v i t y  g i v e s  r i s e  t o  a more un i fo rm d i s t r i b u t i o n  o f  c u r r e n t  on 
t h e  e l e c t r o d e ,  whereas a h i g h  c o n d u c t i v i t y  l a y e r  i n t roduces  a g r e a t e r  
n o n u n i f o r m i t y  i n  t h e  c u r r e n t  d i s t r i b u t i o n  r e l a t i v e  t o  t h e  u n i f o r m  con- 
d u c t i v i t y  case.* These e f f e c t s  a r e  e x p l a i n a b l e  i n  terms of  t h e  l a r g e  
c u r r e n t  which must e n t e r  t h e  e l e c t r o d e  a t  i t s  edge when l a r g e  c u r r e n t s  
a r e  a t t r a c t e d  t o  t h e  r e g i o n  o v e r  t h e  i n s u l a t o r .  
I n  F i g s .  3-10, 3-1 I,  and 3-12 the p o t e n t i a l  d i s t r i b u t i o n  T ' ( x , y )  
i s  shown f o r  t h e  same cases discussed above. I n  t h e  case of  a low con- 
d u c t i v i t y  l aye r ,  l a r g e  p o t e n t i a l  drops o c c u r  o v e r  t h e  e l e c t r o d e s ,  
whereas i n  t h e  case of t h e  h i g h  c o n d u c t i v i t y  l aye r ,  t h e  p r i n c i p a l  poten- 
t i a l  drop occu rs  i n  t h e  c o r e  excep t  f o r  t h e  l a r g e  drops near t h e  e l e c -  
t r o d e  edges. S ince  t h e  b u l k  o f  t h e  c u r r e n t  e n t e r s  a t  t h e  e l e c t r o d e  
edge, t h e  b u l k  of t h e  c u r r e n t  f l o w s  th rough  t h e  l a r g e  p o t e n t i a l  drop a t  
t h e  edge o f  t h e  e l e c t r o d e  which m a n i f e s t s  an o v e r a l l  l a r g e  i n t e r n a l  i m -  
pedance a 
I t  may be observed t h a t  i n  both cases o f  h i g h  and low c o n d u c t i v i t y  
l aye rs ,  t h e  e f f e c t  o f  t h e  l a y e r s  i s  t o  s h i e l d  t h e  c u r r e n t  and p o t e n t i a l  
d i s t r i b u t i o n  i n  t h e  c o r e  f rom t h e  f i n i t e  segmentat ion e f f e c t .  I n  b o t h  
*These r e s u l t s  may be c o n t r a s t e d  w i t h  t h e  model employed by Kerre-  
hrock19,20 i n  which a u n i f o r m  d i s t r i b u t i o n  o f  c u r r e n t  i s  assumed t o  co- 
e x i s t  on t h e  e l e c t r o d e  w i t h  a h i g h  c o n d u c t i v i t y  l a y e r .  
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cases, t h e  c u r r e n t  and p o t e n t i a l  d i s t r i b u t i o n  o u t s i d e  o f  t h e  l a y e r s  i s  
remarkably un i fo rm.  
The d i s t r i b u t i o n  o f  t h e  p o t e n t i a l  5‘ on t h e  i n s u l a t o r  w a l l  i s  shown 
i n  F i g .  3-13 f o r  t h e  cases d iscussed above.t I t  can be seen t h a t  a l -  
though t h e  low c o n d u c t i v i t y  l a y e r  produces t h e  g r e a t e s t  i n i t i a l  r i s e  i n  
p o t e n t i a l ,  i t  t h e n  f a l l s  o f f  below t h e  u n i f o r m  c o n d u c t i v i t y  case. The 
h i g h  c o n d u c t i v i t y  l a y e r  produces a c o n s i s t e n t l y  lower p o t e n t i a l  r i s e  
a l o n g  the  i n s u l a t o r  r e l a t i v e  t o  t h e  u n i f o r m  c o n d u c t i v i t y  case. 
The e f f e c t  o f  h i g h  and low c o n d u c t i v i t y  l a y e r s  w i t h  l a r g e  H a l l  pa- 
ramaters has been examined. Fo r  r e f e r e n c e  purposes, t h e  c u r r e n t  d i s -  
t r i b u t i o n  w i t h  u n i f o r m  c o n d u c t i v i t y  and B = 3 i s  shown i n  F i g .  3-14. 
The r e s u l t s  which w i l l  now be d iscussed a r e  f o r  a u n i f o r m  H a l l  parameter 
f3 = 3 and laye red  c o n d u c t i v i t y  n o n u n i f o r m i t i e s  g i v e n  by E q .  (3-23) w i t h  
6/h = 0.2 and uw/uo = 0.2. 
i t y  l aye rs  i s  shown i n  F i g .  3-15 ar,d t h e  d e t a i l  r e g i o n  near t h e  e l e c -  
The c u r r e n t  d i s t r i b u t i o n  f o r  low c o n d u c t i v -  
t r o d e  i s  shown i n  F i g .  3-17. I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  f o r  t h i s  
l a r g e  va lue of 6, t h e  c u r r e n t  i n  t h e  l a y e r s  f l o w s  a t  an a n g l e  near 
t a n - l ( B ) ,  as was t h e  case w i t h  u n i f o r m  c o n d u c t i v i t y ;  however, i n  t h e  
c o r e  of the  gas, t h e  c u r r e n t  i s  f l o w i n g  a t  an a n g l e  c o n s i d e r a b l y  d i f -  
f e r e n t  than t h a t  w i t h  a u n i f o r m  c o n d u c t i v i t y  ( F i g .  3-14).  The c o r e  c u r -  
r e n t  fo r  t h i s  h i g h  v a l u e  of B t ends  t o  f l o w  a lmos t  t r a n s v e r s e  t o  t h e  
channel  wa l l s ,  as c o n t r a s t e d  t o  t h a t  f o r  a u n i f o r m  c o n d u c t i v i t y  w i t h  
B = 3. 
The c u r r e n t  d i s t r i b u t i o n  w i t h  a h i g h  c o n d u c t i v i t y  l a y e r  w i t h  
tThe  r e l a t i o n  o f  t h e  p o t e n t i a l  @ ’  t o  t h e  l a b o r a t o r y  p o t e n t i a l  @ i s  
d iscussed i n  s e c t i o n  2.3.1. 
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uw/uo = 5 and a H a l l  parameter B = 3 i s  shown i n  F i g s .  3-16 and 3-17. 
I t  can be seen t h a t  t h e  t r e n d s  e s t a b l i s h e d  w i t h  a h i g h  c o n d u c t i v i t y  
l a y e r  and B = I p e r s i s t ,  Note t h a t  t h e  d i v i d i n g  c u r r e n t  l i n e s  have 
moved o n t o  t h e  e l e c t r o d e s  so t h a t  c u r r e n t  i s  now e n t e r i n g  t h e  lower 
e l e c t r o d e  a t  t h e  downstream end and l e a v i n g  t h e  same e l e c t r o d e  a t  t h e  
upstream end. T h i s  e f f e c t  a l s o  o c c u r s  w i t h  u n i f o r m  c o n d u c t i v i t y  d i s -  
t r i b u t i o n s  w i t h  H a l l  parameters o f  t h e  o r d e r  B = 2 and va lues  o f  t h e  
e l e c t r o d e  t o  i n s u l a t o r  l e n g t h  r a t i o s  a/!L near  one as r e p o r t e d  by 
crown. 
The d i s t r i b u t i o n  o f  e l e c t r o d e  c u r r e n t  I ( x )  f o r  t h e  layered model 
w i t h  B = 3 i s  shown i n  F i g .  3-18, I n  genera l ,  t h e  t r e n d s  e s t a b l i s h e d  
w i t h  B = I p e r s i s t :  low c o n d u c t i v i t y  l a y e r s  spread t h e  c u r r e n t  o u t  
o v e r  the e l e c t r o d e  and h i g h  c o n d u c t i v i t y  l a y e r s  i n t e n s i f y  t h e  c u r r e n t  
a t  t h e  e l e c t r o d e  edges. The p r i n c i p a l  e f f e c t  o f  t h e  h i g h e r  H a l l  param- 
e t e r  i s  t o  i n t e n s i f y  t h e  amount of c u r r e n t  e n t e r i n g  a t  t h e  e l e c t r o d e  
edge. Th is  more nonuni form d i s t r i b u t i o n  i s  t h e n  f u r t h e r  made even more 
nonuni form by a h i g h  c o n d u c t i v i t y  l a y e r  o r  more u n i f o r m  by a low con- 
d u c t i v i t y  l a y e r .  Wi th  low c o n d u c t i v i t y  l aye rs ,  t h e  tendency towards 
u n i f o r m i t y  a t  h i g h  B i s  r e l a t i v e l y  l e s s  t h a n  t h a t  a t  lower B ,  as can be 
seen by comparing t h e  h i g h  B r e s u l t s  of F i g .  3-18 w i t h  t h e  B = I r e s u l t s  
o f  F i g .  3-9. I n  t h e  case of t h e  h i g h  c o n d u c t i v i t y  l a y e r  w i t h  a l a r g e  
H a l l  parameter, t h e  c u r r e n t  bo th  e n e t e r s  and leaves t h e  e l e c t r o d e  as 
shown by a dec reas ing  I ( x )  o v e r  t h e  upstream edge o f  t h e  e l e c t r o d e .  
The p o t e n t i a l  d i s t r i b u t i o n s  f o r  t h e  B = 3 cases d iscussed above 
a r e  shown I n  F i g s .  3-20 th rough  3-23 and t h e  u n i f o r m  conduct  v i t y  d i s -  
t r i b u t i o n  i s  shown i n  F i g .  3-19 f o r  re fe rence .  Large p o t e n t  a l  drops 
52 
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F i g .  3-18 E l e c t r o d e  c u r r e n t  d i s t r i b u t i o n  f o r  v a r i o u s  
degrees o f  n o n u n i f o r m i t y  f o r  t h e  cases i n  
F igs.  3-14 through 3-16. 
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e x i s t  near  t h e  e l e c t r o d e s  as  wouid be expected f o r  these low c m d i i c t i v -  
i t y  l aye rs .  Wi th  t h i s  l a r g e r  va lue  o f  t h e  H a l l  parameter, t h e  p o t e n t i a l  
l i n e s  t e n d  t o  approach a p a r a i i e i  d i s i r i b u i i o n  w i i - i i  rrespecf t o  t h e  ci ir-  
r e n t  l i n e s  i n d i c a t i n g  t h a t  t h e  c u r r e n t  v e c t o r  i s  t e n d i n g  to become nor-  
mal t o  t h e  e l e c t r i c  f i e l d  v e c t o r .  
The d i s t r i b u t i o n  of p o t e n t i a l  a long t h e  i n s u l a t o r  i s  shown i n  F i g .  
3-23. The t r e n d s  e s t a b l i s h e d  fo r  t h e  p o t e n t i a l  d i s t r i b u t i o n  w i t h  B = I 
a l s o  p e r s i s t  w i t h  B = 3. Note t h a t  the  maxima of t h e  p o t e n t i a l  a long  
t h e  i n s u l a t o r  s h i f t  towards t h e  l e f t  edge o f  t h e  lower e l e c t r o d e  w i t h  
low c o n d u c t i v i t y  l aye rs  and towards the  r i g h t  edge w i t h  h i g h  conduc t i v -  
i t y  l a y e r s .  T h i s  r e s u l t  i s  due t o  the  movement o f  t h e  c u r r e n t  d i v i d i n g  
l i n e s  i n  those  d i r e c t i o n s  s i n c e  t h e  p o i n t  of maximum p o t e n t i a l  on t h e  
i n s u l a  
s t ream 
A 
ments 
o r  occurs  a t  t h e  " s t a g n a t i o n  p o i n t "  of  t h e  c u r r e n t  d i v  
i ne. 
I t h e  fo rego ing  layered model r e s u l t s  w i t h  f i n i t e  e l e c  
ead t o  a nondimensional t ransve rse  impedance FT and Ha 
d i n g  
rode seg- 
I v o l t a g e  
- 
VH. 
and a f i n i t e  e l e c t r o d e  segmentat ion a l a  = 0.5, L/h = I as a f u n c t i o n  of 
B i s  shown i n  F i g .  3-24. A lso  shown fo r  re fe rence  a r e  t h e  i n f i n i t e l y  
f i n e  segmented and cont inuous  e l e c t r o d e  impedances. I t  can be seen tha i -  
f o r  l a r g e  H a l l  parameters, t h e  f i n i t e  segmented impedance i s  bounded be- 
tween t h e  i n f i n i t e l y  f i n e  segmented impedance and t h e  cont inuous  e l e c -  
t r o d e  impedance. I t  shou ld  be noted t h a t  f o r  low va lues  o f  B ,  t h e  con- 
t i n u o u s  e l e c t r o d e  impedance f a l l s  be low t h e  f i n i t e  segmented impedance. 
T h i s  i s  because t h e  need fo r  segmentation t o  i n h i b i t  t h e  H a l l  c u r r e n t  
The behav io r  o f  t h e  impedance RT f o r  v a r i a b l e  c o n d u c t i v i t y  l a y e r s  
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- e x i s t  n e i r  t h e  e!ectt-odeS a5 would be expected f o r  these low c o n d u c t i v -  
i t y  l a y e r s .  Wi th  t h i s  l a r g e r  va lue  of  t h e  H a l l  parameter, t h e  p o t e n t i a l  
Iines t end  to approach a p a r a l l e l  d i s t r i b u t i o n  w i t h  r e s p e c t  t o  t h e  c u r -  
r e n t  l i n e s  i n d i c a t i n g  t h a t  t h e  c u r r e n t  v e c t o r  i s  t e n d i n g  t o  become nor-  
mal t o  t h e  e l e c t r i c  f i e l d  v e c t o r .  
The d i s t r i b u t i o n  o f  p o t e n t i a l  a long t h e  i n s u l a t o r  i s  shown i n  F i g .  
3-23. The t r e n d s  e s t a b l i s h e d  for t h e  p o t e n t i a l  d i s t r i b u t i o n  w i t h  B = I 
a l s o  p e r s i s t  w i t h  B = 3. Note t h a t  t he  maxima o f  t h e  p o t e n t i a l  a long  
t h e  i n s u l a t o r  s h i f t  towards t h e  l e f t  edge o f  t h e  lower e l e c t r o d e  w i t h  
low c o n d u c t i v i t y  l a y e r s  and towards the  r i g h t  edge w i t h  h i g h  c o n d u c t i v -  
i t y  l a y e r s .  T h i s  r e s u l t  i s  due t o  t h e  movement o f  t h e  c u r r e n t  d i v i d i n g  
l i n e s  i n  those  d i r e c t i o n s  s i n c e  t h e  p o i n t  of maximum p o t e n t i a l  on t h e  
i n s u l a  
s t ream 
A 
ments 
o r  occu rs  a t  t h e  " s t a g n a t i o n  p o i n t "  o f  t h e  c u r r e n t  d i v i d i n g  
ine.  
I t h e  fo rego ing  layered model r e s u  
ead t o  a nondimensional t r a n s v e r s e  
- 
The behav io r  of  t h e  impedance TiT f o r  
and a f i n i t e  e l e c t r o d e  segmentat ion a /R = 
"H' 
t s  w i t h  f i n i t e  e l e c t r o d e  seg- 
impedance and Ha I I vo I t age  
v a r i a b l e  c o n d u c t i v i t y  l a y e r s  
0.5, !L/h = I as a f u n c t i o n  of 
T 
B i s  shown i n  F i g .  3-24. A lso  shown fo r  re fe rence  a r e  t h e  i n f i n i t e l y  
f i n e  segmented and con t inuous  e l e c t r o d e  impedances. I t  can be seen t h a t  
for  l a r g e  H a l l  parameters, t h e  f i n i t e  segmented impedance i s  bounded be- 
tween t h e  i n f i n i t e l y  f i n e  segmented impedance and t h e  con t inuous  e l e c -  
t r o d e  impedance. I t  should be noted t h a t  f o r  low va lues  o f  6, t h e  con- 
t i n u o u s  e l e c t r o d e  impedance f a l l s  below t h e  f i n i t e  segmented impedance. 
T h i s  i s  because t h e  need fo r  segmentat ion t o  i n h i b i t  t h e  H a l l  c u r r e n t  
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van ishes  as B tends  t o  zero.  The f i n i T e  ~ o v e r s g e  o f  t h e  channel w i t h  
f i n i t e  segments a t  such low va lues  of  B t hen  makes i n e f f i c i e n t  use o f  
t h e  f u l l  channel l eng th  and i s  t hus  d e i r i m e n t a l  t o  performance. I n  
F ig .  3-25, t h e  e f f e c t  of  v a r i a t i o n s  i n  B on t h e  nondimensional H a l l  v o l -  
t a g e  vH i s  shown fo r  v a r i o u s  n o n u n i f o r m i t i e s .  The f i n i t e  segmented Hal I 
v o l t a g e  can be seen t o  be depressed below t h e  i n f i n i t e l y  f i n e  segmented 
va lue.  I n  a d d i t i o n  bo th  f i n i t e  and i n f i n i t e l y  f i n e  segmented performance 
i s  depressed by n o n u n i f o r m i t i e s .  Th is  r e s u l t  emphasizes a genera l  t r e n d  
observed i n  a l l  t h e  c a l c u l a t i o n s :  geomet r ica l  n o n u n i f o r m i t i e s  ( f i n i t e  
segmentat ion)  and c o n d u c t i v i t y  n o n u n i f o r m i t i e s  by themselves inc rease 
t h e  i n t e r n a l  impedance of t h e  channel. Where bo th  n o n u n i f o r m i t y  mech- 
anisms occu r  s imu l taneous ly ,  t hey  increase t h e  impedance and depress 
t h e  H a l l  v o l t a g e  t o  a g r e a t e r  e x t e n t  t han  c o u l d  e i t h e r  n o n u n i f o r m i t y  
mechanism by i t s e l f .  
I n  F ig .  3-26 t h e  v a r i a t i o n  of  t h e  t r a n s v e r s e  impedance ET i s  shown 
as a f u n c t i o n  of t h e  c o n d u c t i v i t y  nonun i fo rm i t y  uw/uo f o r  a f i x e d  d/h = 
0.2. I t  can be seen t h a t  t h e  i n t r o d u c t i o n  o f  f i n i t e  segments causes a 
g r e a t e r  inc rease i n  t h e  i n t e r n a l  impedance f o r  smal l  degress of  nonuni- 
f o r m i t y  than  occurs  a t  l a r g e r  degrees of  n o n u n i f o r m i t y .  T h i s  i s  because 
w i t h  s t r o n g  n o n u n i f o r m i t i e s ,  t h e  e f f e c t  o f  segmentat ion i s  v i r t u a l l y  
des t royed even i f  t h e  segmentat ion i s  i n f i n i t e l y  f i n e  ( c f .  s e c t i o n  
3.1.2) .  Thus, v a r i a t i o n s  i n  segmentation w i t h  s t r o n g  c o n d u c t i v i t y  non- 
u n i f o r m i t i e s  have l i t t l e  e f f e c t  on performance. The nondimensional 
Hal I v o l t a g e  vH i s  shown fo r  these same cases i n  F i g .  3-27. 
Seen t h a t  t h e  e f f e c t  of f i n i t e  segmentation i s  t o  reduce t h e  H a l l  v o l t -  
age below t h e  i d e a l  va lue  f o r  i n f i n i t e l y  f i n e  segmentat ion even w i t h  
I t  can be 
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u n i f o r m  c o n d u c t i v i t y .  The e f f e c t  o f  n o n u n i f o r m i t i e s  w i t h  such f i n i t e  
segments i s  t o  f u r t h e r  reduce t h e  H a l l  v o l t a g e  below t h e  r e d u c t i o n  due 
t o  f i n i t e  segmentat isn a!nne.  
3 .2 .3  Comparison w i t h  t h e  measurements of  Hoffman and O a t e ~ ~ ~  
The e l e c t r o d e  c u r r e n t  d i s t r i b u t i o n  r e s u l t s  shown i n  F i g .  3-9 f o r  
low c o n d u c t i v i t y  l a y e r s  w i t h  B = I may be compared w i t h  t h e  measured 
d i s t r i b u t i o n s  o f  Hoffman and Oates2' which a r e  a l s o  shown i n  F i g .  3-9. 
These i n v e s t i g a t o r s  performed exper iments on a f i n i t e l y  segmented chan- 
n e l  w i t h  a potass ium seeded argon f low. A c e n t e r  p a i r  of  e l e c t r o d e s  i n  
n t o  
t o  
I ( x )  
t h e i r  channel was c o n s t r u c t e d  w i t h  one o f  t h e  e l e c t r o d e s  d i v i d e d  
t h r e e  p a r t s  b u t  connected t o  a common bus. The c u r r e n t  d e l i v e r e d  
each p a r t  o f  t h e  e l e c t r o d e  c o u l d  be measured so t h a t  t h e  q u a n t i t y  
c o u l d  be exper 
pe r imen ts  wsre 
were r e p o r t e d  
t h e  gas i n  t h e  
m e n t a l l y  determined. The gas temperatures f o r  t h e  e 
of  t h e  o r d e r  o f  1300' K and t h e  c o o l e d  e l e c t r o d e  wal 
o range i n  temperature between 800' K and IIOOo K. 
v i c i n i t y  o f  t h e  e l e c t r o d e  w a l l  was assumed t o  be a t  
S 
f 
t h e  
r e p o r t e d  e l e c t r o d e  temperature and t h e  e l e c t r o n  c o n c e n t r a t i o n  a t  t h e  
w a l l  were assumed t o  be i n  e q u i l i b r i u m ,  a c rude  c a l c u l a t i o n  which assumes 
a u n i f o r m  m o b i l i t y  would y i e l d  u /ao 
e q u i l i b r i u m  number d e n s i t y  and Tw and To a r e  t h e  w a l l  and c o r e  tempera- 
ni(Tw)/n:(To) where n* i s  t h e  
W e 
For  t h e  repo r ted  va lues  o f  Tw and To, t h e  para- 
exceed ing ly  smal l ;  however, i t  i s  n o t  c l e a r  how 
e l e c t r o d e  temperature r e f l e c t e d  t h e  a c t u a l  s u r f a c e  
conc I uded, how- 
ved coo l  i n g  near 
t u r e s ,  r e s p e c t i v e  I y. 
me te r  u /ao would be 
c l o s e l y  t h e  r e p o r t e d  
tempera tu re  of  t h e  e 
ever, t h a t  t h e  overa 
W 
ec t rodes .  I t  may be qual  i t a t  
I f e a t u r e s  o f  t h i s  exper iment  
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v e l y  
I nvo 
t h e  e l e c t r o d e  w a l i s  which c o u l d  be expected t o  g i v e  r i s e  t o  a low con- 
d u c t i v i t y  l a y e r  o v e r  t h e  e l e c t r o d e s .  
The measured r e s u l t s  shown i n  F i g .  3-9 i n d i c a t e  a c o n s i d e r a b l y  more 
u n i f o r m  c u r r e n t  d i s t r i b u t i o n  t h a n  t h a t  f o r  a u n i f o r m l y  conduc t ing  gas. 
Al though t h e  f i n i t e  em iss ion  and f i n i t e  conduc t ion  c h a r a c t e r i s t i c s  o f  
t h e  e l e c t r o d e  p r o v i d e  p o s s i b l e  e x p l a n a t i o n s  f o r  t h e  more u n i f o r m  c u r r e n t ,  
t h e  coo1 gas l a y e r  w i t h  a c o n d u c t i v i t y  r a t i o  of  u /a, .05 a l s o  p ro -  
v i d e s  s p l a u s i b l e  e x p l a n a t i o n  o f  t h e  exper imen ta l  da ta .  C o n d u c t i v i t y  
n o n u n i f o r m i t i e s  may t h e r e f o r e  p l a y  some r o l e  i n  t h e  i n t e r p r e t a t i o n  of 
c u r r e n t  d i s t r i b u t i o n  measurements w i t h  H a l l  e f f e c t s .  
w 
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4. SOME THEORET I C A L  CONS I UERAT I ONS 3 F  
NONUN I FORM ELECTR I CA L CONDUCl I ON 
1.1 YV I TU I i i A r\!n?!EQLl I I I BR I UM CONDUCT I V I TY 
In t h i s  chapter consideration i s  given t o  the theoretical implica- 
t ions  o f  the nonequilibriwn conductivity modeZ described i n  Section 2.3. 
The s t a b i l i t y  o f  uniform steady s tates  according t o  t h i s  model i s  exam- 
ined and the mathematical type of the steady s ta t e  form o f  the equations 
is established. 
4.1 Dynamic I n s t a b i l i t i e s  i n  a N o n e q u i p a r t i t i o n  Magnet ic Plasma 
A s tudy  o f  c e r t a i n  aspec ts  o f  t h e  dynamic s t a b i l i t y  o f  a nonequi- 
p a r t i t i o n  plasma i n  t h e  presence of  a magnet ic  f i e l d  w i l l  now be under- 
taken.  The m o t i v a t i o n  f o r  t h i s  s tudy i s  t w o f o l d .  F i r s t l y ,  steady s t a t e  
s o l u t i o n s  o f  a nonuni form e l e c t r i c a l  conduc t ion  f i e l d  w i t h  a n o n e q u i l i b -  
r i u m  c o n d u c t i v i t y  which a r e  i n h e r e n t l y  u n s t a b l e  would n o t  have s teady 
s t a t e  exper imen ta l  c o u n t e r p a r t s  o f  i n t e r e s t .  Thus c r i t e r i a  which spec- 
i f y  t h e  s t a b i l i t y  o f  s teady s t a t e s  governed by t h e  n o n e q u i l i b r i u m  con- 
d u c t i v i t y  model of  s e c t i o n  2.3 a r e  r e q u i r e d .  Secondly, an impor tan t  
correspondence e x i s t s  between t h e  c o n d i t i o n  f o r  s t a b i l i t y  o f  .the non- 
s teady equa t ions  and t h e  c o n d i t i o n  f o r  u n i f o r m  e l l i p t i c i t y  o f  t h e  s teady 
equa t ions .  T h i s  correspondence w i l l  be d iscussed i n  s e c t i o n  4.3. 
A genera l  s t a b i l i t y  a n a l y s i s  o f  t h e  conduc t ing  gas i n  a genera l  
nonuni form steady s t a t e  would r e q u i r e  i n c l u s i o n  o f  t h e  f u l l  gas dynamic 
and e l e c t r o m a g n e t i c  equa t ions .  Such a t r e a t m e n t  i s  beyond t h e  scope of  
t h e  p r e s e n t  s tudy.  Instead, i t  w i l l  be assumed t h a t  t h e  steady s t a t e  
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e lec t rodes ,  however, must be o b t a i n e d  n u m e r i c a l l y .  
s i r a b l e  t o  o b t a i n  i n f o r m a t i o n  about  t h e  s t a b i l i t y  o f  
plasma i n  a magnet ic f i e l d  w i t h o u t  s o l v i n g  t h e  nonun 
va lues  o f  heavy species gas p r o p e r t i e s  a r e  l i t t l e  changed by t h e  non- 
steady behav io r  of  t h e  e l e c t r o n  number d e n s i t y  and tempera tu re  and by 
t h e  e l e c t r i c  f i e l d  and c u r r e n t .  
A p r e r e q u i s i t e  t o  a sys temat i c  s t a b i l i t y  a n a l y s i s  i s  t h e  s o l u t i o n  
o f  t h e  steady s t a t e  equa t ions  ( 2 - 7 )  t h rough  (2-10) s u b j e c t  t o  t h e  bound- 
a r y  c o n d i t i o n s  d iscussed i n  c h a p t e r  2. Such s o l u t i o n s  f o r  f i n i t e  s i z e d  
t i s  t h e r e f o r e  de- 
a n o n e q u i p a r t i t i o n  
form steady s t a t e  
problem. T h i s  can be done t o  some degree by examin ing t h e  s t a b i l i t y  o f  
a steady s t a t e  which i s  u n i f o r m  i n  space. I f  such u n i f o r m  steady s t a t e s  
a r e  found t o  be unstable,  one would, i n  genera l ,  expec t  nonuni form steady 
s t a t e s  t o  be s i m i l a r l y  uns tab le .  The s t a b i l i t y  a n a l y s i s  presented he re  
w i  I I t h e r e f o r e  be r e s t r i c t e d  t o  u n i f o r m  steady s t a t e s .  
Cons ide ra t i on  i s  now d i r e c t e d  t o  t h e  r e g i o n  o f  t h e  plasma where a 
a t e  e x i s t s .  I n  t h i s  r e g i o n  a s teady e l e c t r i c  f i e l d  c o r  
by 
uni  form steady s 
i s  assumed t o  e x  s t  which produces a s teady c u r r e n t  1, g i v e n  
T h i s  c u r r e n t  and f i e l d  produce a l o c a l  Jou 
e l e c t r o n  temperature t o  a v a l u e  T accord 
e0 
T = T + Y , ~ ~ E ' , ' ) ~  = T 
e0 
(4-1 1 
e hea i n g  which e eva tes  t h e  
ng t o  Eqs. (2-30) and ( 2 - 3 1 ) :  
(4-2 1 
The e l e c t r o n  number d e n s i t y  which e x i s t s  i n  t h i s  r e g i o n  i s  g i v e n  by 
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I / u o n  e,, and a s u b s c r i p t  t l ~ l ’  ’ I n- e,’ y ~ o  eo  
I n  t h e  above, y : u /eon 
d i c a t e s  e v a l u a t i o n  o f  t h e  p r o p e r t y  i n  q u e s t i o n  a t  t h e  s t a t e  n , T . 
Eo B o  
e, eo 
The non-steady Eqs. (2-71, ( 2 - 8 ) ,  (2-231, (2-24) a r e  now expanded 
about  t h e  steady s t a t e  desc r ibed  above a s  
‘ or E ’. As imp l i ed  by t h e  expansion 
e ’  Te’ Ex Y 
where n rep resen ts  n 
(4-41,  t h e  d i s tu rbances  w i l l  be con f ined  t o  t h e  x,y p lane.  (The s t a b i l -  
i t y  a n a l y s i s  may be c a r r i e d  o u t  i n  e i t h e r  t h e  f i e l d  r e p r e s e n t a t i o n  o r  
t h e  c u r r e n t  rep resen ta t i on ;  i t  i s  done here i n  t h e  f i e l d  r e p r e s e n t a t i o n . )  
The pr imed q u a n t i t i e s  may be viewed as smal l  p e r t u r b a t i o n s  which a r e  
g i v e n  t o  t h e  s teady s t a t e  system. Since i t  i s  assumed t h a t  t h e  heavy 
spec ies  p r o p e r t i e s  o f  t h e  gas a r e  l i t t l e  i n f l uenced  by t h e  i n i t i a l  per -  
t u r b a t i o n s  i n  t h e  e l e c t r o n  f l u i d  p r o p e r t i e s ,  t h e  s t a t e  v a r i a b l e s  p ,  u, 
T, ... m a i n t a i n  t h e i r  s teady s t a t e  va lues as  ne, Te, Ex , E undergo 
p e r t u r b a t i o n s  about  t h a t  s teady s ta te .  The c o e f f i c i e n t s  appear ing  i n  
these  equa t ions  which a r e  f u n c t i o n s  o f  ne, Te, and zf  a r e  s i m i l a r l y  ex- 
+ 
Y 
panded about  t h e  s teady s t a t e ;  e.g., i f  rep resen ts  u ,  ug, B ,  etc . ,  
an r + r .  
ane e n = n o + -  aTe Te (4-5)  
The s t a b i l i t y  a n a l y s i s  proceeds by s u b s t i t u t i n g  t h e  forms (4 -4 )  and 
(4 -5 )  i n t o  t h e  non-steady equat ions  and n e g l e c t i n g  terms i n v o l v i n g  prod-  
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u c t s  of t h e  pr imed q u a n t i t i e s .  There r e s u l t s  a l i n e a r  system o f  equa- 
t i o n s  i n  n ' " , E " . 
Y e # T e ' #  Ex 
The p e r t u r b a t i o n  f u n c t i o n s  n e f ,  Te f ,  Ex " , E " a r e  assumed t o  
Y 
possess F o u r i e r  dec.omposit ions f o r  which t y p i c a l  components a r e  
i ( - w t  + Kxx + K y )  
Y TI' = f i e  , ( 4-6 1 
Te, Ex', o r  E '. The F o u r i e r  amp l i t udes  
e '  Y 
where TI aga in  rep resen ts  n 
a r e  denoted by "*I1. The frequency of  t h e  F o u r i e r  components i s  w, and 
KX, K When t h e  F o u r i e r  com- 
ponents (4-6)  a r e  s u b s t i t u t e d  i n t o  t h e  system of non-steady equat ions,  
t h e r e  r e s u l t s  a l i n e a r  homogeneous a l g e b r a i c  system. The c o n d i t i o n  f o r  
n o n - t r i v i a l  s o l u t i o n s  leads t o  a d i s p e r s i o n  r e l a t i o n s h i p  between w and 
Kx, Ky. I f  t h e  d i s p e r s i o n  c o n d i t i o n  admi t s  complex f requenc ies  w w i t h  
p o s i t i v e  imaginary p a r t s  f o r  r e a l  K, t h e  p e r t u r b a t i o n s  grow i n  t i m e  and 
t h e  equat ions a r e  t h e r e f o r e  s a i d  t o  be u n s t a b l e .  
-b 
a re  t h e  components o f  t h e  wave number K. 
Y 
-t 
Betore proceeding w i t h  t h e  s u b s t i t u t i o n  o f  t h e  F o u r i e r  components, 
it i s  usefu l  t o  nondimensional ize t h e  non-steady equa t ions  which have 
been expanded i n  terms o f  t h e  p e r t u r b a t i o n  q u a n t i t i e s  ne r ,  T e r ,  Exf', 
E " . For t h i s  purpose, c h a r a c t e r i s t i c  dimensional  q u a n t i t i e s  a r e  n , 
T , E,' = l g o f l .  
Y e, 
A c h a r a c t e r i s t i c  l e n g t h  i s  s e l e c t e d  as K - l  E 
e0 
I / J K X 2  + K and a c h a r a c t e r i s t i c  t i m e  as w r - l ,  where w r i s  t h e  r e a l  
Y 
p a r t  o f  w. Nondimensional q u a n t i t i e s  a r e  t h e n  d e f i n e d  as 
- 
n ' 5 n ' l n  e e eo '  7 '  E T ' / T  , e e, e 
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The non-steady equat ions  i n  nondimensional form [Eqs.  (2 -7) ’  (2-81, 
( 2 - 3 0 )  and (2-3111 w i t h  u d i r e c t e d  p a r a l l e l  t o  t h e  x a x i s  a r e  then 
-+ 
E l e c t r o n  c o n t i n u i t y :  
E l e c t r o n  energy:  
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Cur ren t  c o n s e r v a t i o n :  
Maxwe 1 I Faraday: 
I n  t h e  above equat ions,  
6 5 tan- l (Eyr /Ex ' l ,  
T .  z ~ / a  ne2, 
I 
- 
E E I + 2ci/3kTe, 
WE 5 (Te/T-I I fE,  
T e 
I 
m 
C 'vej  
j j  
E' 
k ( T  - T I  
eo 
'd ' eE ' f E  
(4-1 I )  
(4-12) 
(4-  13) 
(4 -14)  
(4-15) 
(4-16) 
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I '  
w he r e  
I 
I - yEEt2 
a R n y  
aTe 
E f E  
(4 -17)  
(4- 18) 
I t  i s  t o  be understood t h a t  t h e  q u a n t i t i e s  d e f i n e d  i n  Eqs. (4-11) 
th rough  (4-18) a r e  t o  be eva lua ted  a t  t h e  s teady s t a t e  neeo, Teo # t o '  
when used i n  Eqs. (4-7) t h rough  (4 -9) .  
E'  The nond imens iona I FE, a r e  obta i ned by nond i mens iona I i z i ng F E 
GE g i v e n  by Eqs. ( 2 - 2 3 )  on E o t ,  n and T . The o p e r a t o r  ? repre -  
e,' eo 
s e n t s  t h e  Lap lac ian  nondimensional ized on h. I t  i s  t o  be noted t h a t  
t h e  t i m e  T 
t r o n s  and t h e  heavy species.  Terms p r o p o r t i o n a l  t o  R r e p r e s e n t  h e a t  
c o n d u c t i o n  and d i f f u s i o n  due t o  e l e c t r o n  p ressu re  g r a d i e n t s .  Terms pro-  
i s  p r o p o r t i o n a l  t o  t h e  e q u i p a r t i t i o n  t i m e  between t h e  e l e c -  e 
d 
induced heat  conduc t ion  p o r t  i ona 
i n  t h e  e 
The 
t o  R r e p r e s e n t  temperature g r a d i e n t  
9 
e c t r o n  f l u i d .  
F o u r i e r  components (4-6)  may be subs t  
t h rough  (4-10). I n  terms o f  t h e  nondimensiona 
t h e r e  r e s u l t s  t h e  f o l l o w  
t u t e d  i n t o  Eqs.  (4-7)  
f requency 
ng l i n e a r ,  homogeneous, a l g e b r a i c  system: 
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I 
where 
0 0 
B -2wE cos 6 -2wE s i n  6 
D i Kx iTT 
Y 
0 iR - iKX 
Y 
'e 
h 
Te 
EX 
h 
h 
E 
Y 
= 0, 
and 
- - 
Kx(cos 6 + Bo s i n  6 )  + K (-Bocos 6 + s i n  61, 
Y 
- - 
A d  E Kx(cos 6 - B o  s i n  6 )  + K ( B o  cos 6 + s i n  6 ) .  Y 
The d i s p e r s i o n  r e l a t i o n s h i p  f o l l o w s  by r e q u i r i n g  t h a t  t h e  de termi -  
nan t  o f  t h e  c o e f f i c i e n t  m a t r i x  van ish  f o r  n o n t r i v i a l  s o l u t i o n s .  The 
r e s u l t  i s  t h e  q u a d r a t i c  
7 2  
ai? + 2by + c = 0 ,  ! 4 - ! 9 )  
where 
a = (T.W )(T w 
i r  e r  (4-20 
(4-22 1 
+ 77 s i n  6) . 
Y 1 
- 
The f u n c t i o n s  QT Qn a r e  q u a d r a t i c  forms i n  K : 
x’ Y e e 
(4-23 - A, Kx2 + 28 ?T?T + C, ?T 
Q, 11 X Y  Y #  
where n stands f o r  e i t h e r  Te o r  ne. 
mic d e r i v a t i v e  o p e r a t o r  A # 
With t h e  d e f i n i t i o n  o f  a l o g a r i t h -  
n 
t h e  c o e f f i c i e n t s  i n  Eqs. (4-23) a r e  
(4-24 
= 2 w  { A  ( a  )cos6sin6 + $A ( a g )  + A,(8)1 (COS 2 6 -s in26 ) }  
Bn E n B  rl 
7 3  
where 
I + II 2K2, 
OT e 9 
(4-26 1 
The q u a d r a t i c  form Q i s  d e f i n e d  as 
Q 
QT e + [-]On e 
The c o n d i t i o n s  f o r  n e g l i g i b l e  h e a t  conduc t ion  and d i f f u s i o n  a r e  
( a  K )  << I and ( R d K )  << I .  I n  what f o l l o w s ,  t h e s e  e f f e c t s  w i l l  be neg- 
9 
i o n i z a t i o n  w i l l  be considered.  
on and d i f f u s i o n  have been ex- 
lected,  and t h e  e f f e c t s  o f  f 
(Some of t h e  consequences o f  
amined by Kerrebrock 22, whi 
n i t e  r a t e s  o 
hea t  conduct  
e D e t h l e f s o n  
case o f  s t a b i l i t y  w i t h  Saha e q u i l i b r i u m . )  
t h rough  (4-22)  reduce t o  
and Ker reb rock31  c o n s i d e r  t h e  
For t h i s  case, Eqs. (4-20) 
c = -29. 
The s o l u t i o n  f o r  7 i s  
(4-29 ) 
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2 - --  where b i  E Irn(b). S ince u =  -w + K x i t  follows t h a t  f o r  b.  + ac > 0, 
X I 
S ince i t  i s  t r u e  t h a t  a i s  always p o s i t i v e ,  
t h e r e  i s  always one r o o t  fo r  which w i s  pos 
( w i  < 01, it i s  r e q u i r e d  t h a t  bi  < 0 and c < 
b i 2  + ac < 0, it f o l l o w s  t h a t  
i 
w r a 
and 
t f o l l o w s  t h a t  f o r  c > 0, 
t i v e ;  hence f o r  s t a b i l i t y  
0. On t h e  o t h e r  hand, i f  
bi 
w a 
w. ' _  
r 
- - -  
(4-30 1 
(4-31) 
The c o n d i t i o n  fo r  s t a b i l i t y  i s  again b i  < 0. 
a r e  thus,  from Eqs. (4-28) and (4-29), 
7-he s t a b i l i t y  c o n d i t i o n s  
Q > 0 .  
The q u a d r a t i c  form Q may be expressed as 
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where 
an e * 
An A = A T  + -  
e aTe e 
(4-33 1 
(4-34 1 
and s i m i l a r l y  f o r  B and C. 
q u a d r a t i c  form Q be p o s i t i v e  d e f i n i t e .  I t  f o l l o w s  t h a t  t h i s  w i l l  be 
t h e  case for  a l  I Fx, 
The s t a b i l i t y  c o n d i t i o n  r e q u i r e s  t h a t  t h e  
i f  
Y 
AC - B2 > 0. 
I n  terms o f  t h e  o p e r a t o r  
and t h e  d e f i n i t i o n  
xE 
t h e  c j i t i  
I 
(4-35) may be w i t t e n  as 
(4-35) 
(4-36 1 
(4-37 1 
The above i n e q u a l i t y  may be rearranged t o  y i e l d  
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(4-39 1 
When t h e  m o b i l i t y  p i s  un i form,  A,(u ) = A,(a) and A,(B) = 0. The in -  
e q u a l i t y  (4-39) t h e n  becomes an e x p l i c i t  i n e q u a l i t y  f o r  B .  T h i s  cond i -  
t i o n  c o n t a i n s  t h e  s t a b i  I i t y  c r i t e r i o n  o f  De th le f son  and Ker rebrock31 as 
a s p e c i a l  case. The i n s t a b i l i t y  which a r i s e s  when t h e  i n e q u a l i t y  (4-39)  
i s v i o  I a t e d  has been termed an "e I ect ro- therma I 'I i ns tab  i I i t y  by Kerre-  
brock.  22  
B 
As an i l l u s t r a t i o n ,  assume t h a t  t h e  m o b i l i t y  p and energy exchange 
c o e f f i c i e n t  8 a r e  weak f u n c t i o n s  of  t h e  e l e c t r o n  tempera ture  so t h a t  
A,(B) = 0 and 
(4-40 1 
From t h e  Saha equa t ion  ( 2 - 2 2 )  and the  energy equa t ion  (4 -2)  i t  may read- 
i l y  be shown t h a t  f o r  these  assumptions XEA,(a ) i s  always l ess  than  
c i / 4kT  , where E 
atom. The r i g h t  hand s i d e  o f  t h e  i n e q u a l i t y  (4-39)  i s  a m o n o t o n i c a l l y  
decreas ing  f u n c t i o n  o f  XEA,(a ) .  
c i /4kT 
B 
i s  t h e  energy requ i red  t o  s i n g l y  i o n i z e  an s spec ies  e0 i 
I n s e r t i n g  t h e  maximum AEA,(a 1 = 8 B 
i n t o  (4-391, t h e  c o n d i t i o n  f o r  s t a b i l i t y  becomes 
eo 
I + c i /4kT 
e0 
E O  
B 2  ' ( c i / 4 k T  ) z  ' (4-41 ) 
I n  t h e  absence o f  a magnet ic  f i e l d ,  t h e  i n e q u a l i t y  (4-41)  i s  always 
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s a t i s f i e d .  I n  t h e  absence o f  nonequ 
accord ing t o  i n e q u a l i t y  (4-39) s t a b i  
un i fo rm m o b i l i t y  and 
develop o n l y  w i t h  t h e  
n o n e q u i p a r t i t i o n  heat  
equat ions a r e  s t a b l e .  
p a r t i t i o n  hea t ing ,  XE = 0, and 
i t y  a g a i n  p r e v a i l s .  Thus, w i t h  
nergy exchange c o e f f i c i e n t  8, i n s t a b i l i t i e s  may 
s imul taneous occu r rence  o f  t h e  H a l l  e f f e c t  and 
ng. I f  e i t h e r  of  t h e s e  e f f e c t s  i s  absent,  t h e  
The i n e q u a l i t y  (4-41) p l a c e s  r a t h e r  severe res -  
t r i c t i o n s  on B .  For an a l k a l i  metal  such as cesium o r  potass ium a t  a 
gas temperature of  2000°K, c i /4kT 
t h e r e f o r e  r e q u i r e s  B2 < 24/25. 
% 5, and t h e  inequal  i t y  (4-41 
e0 
From t h e  s o l u t i o n s  o f  (4-19) t h e  growth r a t e  o f  t h e  d i s t u r b a n c e  i s  
determi ned f rom 
w .  dbi2 + ac b i  f I _  
r 
- -  
# 
a w 
( 4-42 
o r  
I 1 
ZQT . T 
I I  e e  (a. . r .  + a T 12 
e e  L (4-43 w.  = - 
T .T i e  
where 
(4-44 1 
Near t h e  e q u i l i b r i u m  l i m i t  (T. << T t h e  growth r a t e  becomes 
I e 
Q 
a~ e e  
0. -f - -  
I 
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and t h e  g rowth  t i m e  T = w -' becomes i 
T + - [qT e . ( 4-45) 
The g rowth  t i m e  i s  t h u s  p r o p o r t i o n a l  t o  t h e  e f f e c t i v e  energy t r a n s f e r  
t i m e  T . Near t h e  f rozen  l i m i t  hi >> T e e 
w + - - *  Q
a.T 
i i  
i 
The g rowth  t i m e  T = w i - l  i n  t h i s  l i m i t  i s  t h u s  p r o p o r t i o n a l  t o  t h e  i o n i -  
z a t i o n  t i m e  T ~ :  
a.T 
i i  
Q '  
T + - -  ( 4-46 
T and t h a t  t h e  damping o r  growth of 
t h e  s i g n  o f  t h e  q u a d r a t i c  form Q. ( 
c i e n t  a i s  always p o s i t i v e  and t h a t  
e 
e 
t h e  d i s t u r b a n c e  i s  con 
t should be noted t h a t  
t h e  c o e f f i c i e n t  a.,  wh 
t h e  q u a d r a t i c  form Q, indeed, 
b i l i t y  l~ i s  assumed independent of  e l e c t r o n  tempera tu re  and 
h e a t  conduc t ion  e f f e c t s  a r e  n e g l i g i b l e ,  QT 
4.2 S t a t i c  I n s t a b i l i t i e s  i n  a N o n e q u i p a r t i t i o n  Plasma 
I 
w i  I I g e n e r a l l y  be p o s i t i v e ;  
e 
= I . )  
e 
I t  can be seen t h a t  t h e  c o n t r o l l i n g  growth t i m e  i s  t h e  longer  o f  T~ and 
ro I I ed by 
t h e  c o e f f i -  
ch  i n v o l v e s  
i f  t h e  mo- 
i f  e l e c t r o n  
I t  can be seen from Eq. (4-12) t h a t  t h e  c o n d u c t i v i t y  g r a d i e n t s  tend  
t o  become i n f i n i t e  i f  
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a En y 
y ~ E ’ 2  [ = I .  
a i e  ‘]p,T, ..., ne (4-47 1 
T h i s  c o n d i t i o n  i s  i n d i c a t i v e  o f  a phenomenon which K e r r e b r o c k l  has des- 
c r i b e d  as  a “ s t a t i c  i n s t a b i l i t y ” .  P h y s i c a l l y ,  such an i n s t a b i l i t y  may 
appear when an inc rease  i n  t h e  tempera tu re  o f  t h e  e l e c t r o n s  causes t h e  
energy t r a n s f e r  t o  t h e  heavy species i n  t h e  gas t o  become less  e f f i c i e n t .  
( T h i s  may occur  f o r  example i f  t h e  average e lec t ron -heavy  p a r t i c l e  c o l -  
l i s i o n  c r o s s  s e c t i o n  decreases w i t h  an i nc rease  i n  t h e  e l e c t r o n  temper- 
a t u r e .  Thus, t h e  e l e c t r o n  temperature c o n t i n u e s  t o  r i s e  as t h e  c o l l i -  
s i o n a l  energy loss r a t e  t o  t h e  heavy spec ies  decreases.) 
Since E’2yE = Te - T i s  a p o s i t i v e  q u a n t i t y ,  t h e  s t a t i c  i n s t a b i l -  
i t y  may occu r  o n l y  i f  ( a  in  yE/aT ) i s  p o s i t i v e .  A s u f f i c i e n t  e p,T, ..., n e 
c o n d i t i o n  f o r  s t a t i c  s t a b i l i t y  of  t h e  conduc t ing  gas i s  t h e n  
a Rn y 
< I .  (4-48 
e 3Te ‘]p,T, ..., n (Te - Ti[ 
As an i l l u s t r a  ion,  assume t h a t  t h e  momentum and energy t r a n s f e r  
from t h e  e l e c t r o n  f u i d  a r e  dominated by e l a s t i c  c o l l i s i o n s  w i t h  a s i n g l e  
heavy species which i s  denoted by a s u b s c r i p t  R. Accord ing t o  Eq. ( 2 - 3 3 )  
t h e  energy exchange c o e f f i c i e n t  i s  p r o p o r t i o n a l  t o  veR; t h u s  yE = ag/ene 
i s  p r o p o r t i o n a l  t o  v ~ , - ~ .  To a good approx imat ion,  t h e  c o l l i s i o n  f r e -  
quency veR may be expressed as veR = neQeRCe, where re i s  t h e  e l e c t r o n  
mean thermal speed and Qe, i s  an average momentum t r a n s f e r  c r o s s  s e c t i o n .  
S ince ce i s  p r o p o r t i o n a l  t o  Te2, it can be seen t h a t  yE i s  p r o p o r t i o n a l  
- 
1 -
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-2Te-1, and t h u s  i t  f o l  lows t h a t  
to Qe, 
I f  t h e  c r o s s  s e c t i o n  increases w i t h  Te for a l l  Te, t h e  conduc t ing  gas 
i s  s t a t i c a l l y  s t a b l e ;  on t h e  o t h e r  hand, i f  t h e  c r o s s  s e c t i o n  decreases 
w i t h  Te, t h e  gas i s  s t a t i c a l l y  s t a b l e  i f  
T. 
I n  p a r t i c u l a r ,  i f  t h e  heavy spec ies  considered i s  t h e  i o n  f l u i d ,  where 
Qe i i s  p r o p o r t i o n a l  t o  Te-2, t h e  above c o n d i t i o n  becomes Te/T < 3 / 2 .  
4.3 Type o f  t h e  Steady Equat ions 
An a n a l y s i s  o f  t h e  t y p e  o f  t h e  steady equat  
fo rm c o n d u c t i o n  w i t h  a n o n e q u i l i b r i u m  c o n d u c t i v i  
Such an a n a l y s i s  o f  t y p e  o f  t h e  steady equa t ions  
ons govern ing  nonuni-  
y i s  now presented, 
w i  I I bear  upon t h e  
method of  s o l u t i o n  employed and t h e  p roper  s p e c i f i c a t i o n  of boundary 
c o n d i t i o n s .  
The s teady equa t ions  fo r  t h e  l i n e a r  channel geometry desc r ibed  i n  
t h  
t Y  
c h a p t e r  2 a r e  now considered.  A t t e n t i o n  i s  r e s t r i c t e d  t o  t h e  case w 
n e g l i g i b l e  p ressu re  g r a d i e n t  induced d i f f u s i o n  o f  charge and a v e l o c  
u d i r e c t e d  p a r a l l e l  t o  t h e  x a x i s .  
+ 
To f a c i l i t a t e  t h e  examina t ion  of type,  a m a t r i x  n o t a t i o n  w i l l  be 
E ', E ' ) .  Then epTe' x y employed. L e t  t h e  v e c t o r  w have components ( n  j 
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Eqs .  (2-301, (2-311, (2-211, and (2-8)  w i t h  t h e  t i m e  d e r i v a t i v e  s e t  
equal  t o  ze ro  may be compact ly  w r i t t e n  as 
0' 
0 
0 
- I ,  
a w  
J + c i  = 0, (4-49 1 Ai j  % +  ax Bi j  ay 
, (4-50) 
where a repeated s u b s c r i p t  i m p l i e s  summation. The c o e f f i c i e n t  m a t r i c e s  
A i j ,  B i j  and t h e  v e c t o r  C i  i n  t h e  f i e l d  r e p r e s e n t a t i o n  a r e  
0 
0 
I 
0, 
U I 
, (4-51 1 
0 0 
I 0 0 0 
0 0 I 0 
0 0 0 
- 
Bi j 
GE(nel  GE(Tel 0 
I o  0 I 
I ane(n * 2  - n 2 ,  \ e e 
e n e ( i e  - TI - 0 ( ~ ' 1 ~  B 
- c i  - 
rE 
i 0 1 
(4-52 1 
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The t y p e  a n a l y s i s  o f  t h e  system (4-49)  proceeds (see, f o r  example, 
Courant  and H i l b e r t , 3 2  p. 176-177) by forming t h e  m a t r i x  
(4-53) 
and d e t e r m i n i n g  t h e  c h a r a c t e r i s t i c  d i r e c t i o n s  X from t h e  c o n d i t i o n  
D e t ( A i j  - AB. . I  = 0. 
' J  
(4-54 1 
I f  t h e r e  a r e  p d i s t i n c t  r e a l  va lues  of A which s a t i s f y  Eq. (4-54), where 
p i s  t h e  number of  components o f  w t h e  system i s  s a i d  t o  be totally 
hyperbolic. 
.i' 
I f  t h e r e  a r e  p non-real va lues  of A which s a t i s f y  Eq. (4-54) 
t h e  system i s  s a i d  t o  be e l l i p t i c .  I f  t h e  po lynomia l  (4-54)  f o r  A i s  o f  
o r d e r  l e s s  than  p, t h e  system i s  s a i d  t o  be parabolic. Using  t h e  forms 
g i v e n  by Eqs. (4-50) and (4-51) ,  t h e  c o n d i t i o n  f o r  X i s  'i j f o r  A i  j, 
t 
wh ich i s  degenerate i n  A .  The system i s  t h e r e f o r e  p a r a b o l i c .  
The case i n  which t h e  convec t i ve  t e r m  u3ne/ax i s  n e g l i g i b l e  i n  t h e  
energy equa t ion  i s  examined nex t .  
may be w r i t t e n  as 
For t h i s  case, t h e  energy equa t ion  
Te = T -t Y ~ ( E ' ) ~ .  (4-55)  
S ince  t h e  energy equa t ion  i s  now p u r e l y  a l g e b r a i c ,  t h e  d e r i v a t i v e s  o f  
Te may be c a l c u l a t e d  i n  terms o f  the  d e r i v a t i v e  o f  E ' .  Us ing  Eq. (4-55)  
and obse rv ing  t h a t  yE i s  a f u n c t i o n  o f  Te, t h e r e  r e s u l t s  for t h e  d e r i v a -  
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t i v e  o f  T ( f o r  E, = x o r  y )  
e 
B i j  = 
' E ' 1  and t h e  e' Ex ' y I n  t h e  m a t r i x  f o rmu la t i on ,  w reduces t o  w = ( n  
c o e f f i c i e n t s  A i j ,  
j j 
i .i become 
t 0 
GE(ne) 
\ 
0 
U 0 0 
FE( ne) 
0 0 - I  
- c i  - 
, (4-57)  
0 0 \ 
I 0 I 
(4-59 1 
In  t h e  above, 6 and XE a r e  d e f i n e d  i n  Eqs. (4 -11)  and (4 -37) .  
d i t i o n  (4-54)  i s  now 
The con- 
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where 
ah2 + 2bX -t c = 0, 
a = -[I + ~ ~ E ~ ( $ ) s i n 6 1 ,  
c = -[I + hEFE(T-e)COS61. 
(4-60 1 
(4-61 
T h i s  c o n d i t i o n  i s  degenerate i n  A ;  hence, t h e  system i s  a g a i n  p a r a b o l i c .  
The case i n  which t h e  convec t i on  e f f e c t  i n  t h e  e l e c t r o n  c o n t i n u i t y  
e q u a t i o n  i s  n e g l i g i b l e  as  w e l l  as t h e  convec t i on  e f f e c t  i n  t h e  energy 
e q u a t i o n  i s  now examined. The e l e c t r o n  c o n t i n u i t y  equa t ion  reduces t o  
t h e  Saha equa t ion  ( 2 - 2 9 )  and thus  
(4-63 
The v e c t o r  w 
as  t h o s e  i n  t h e  lower r i g h t  hand corner  o f  (4-57) and (4-58) w i t h  F and 
GE rep  I aced by FE*(Te), FE*(Tee', where 
i s  now w = ( E x r ,  E ' 1  and t h e  c o e f f i c i e n t s  a r e  t h e  same 
.i j Y 
E - 
(4-64 1 
and s i m i l a r l y  f o r  cE*. 
a r e  determined by Eq. (4-60) where t h e  a,b,c, a r e  g i v e n  by (4-61) w i t h  
The c h a r a c t e r i s t i c  d i r e c t i o n s  X f o r  t h i s  system 
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- -  
FE, GE rep laced by rE*(-fe), EE*(Te). 
i n  A. The s o l u t i o n s  fo r  h a r e  r e a l  i f  
The system i s  no longer  degenerate 
T h i s  c o n d i t i o n  i s  
where the  opera to r  A, i s  d e f i n e d  by Eq. (4-36). 
i n  t h i s  case, i n  which t h e  e l e c t r o n s  a r e  i n  i o n i z a t i o n  e q u i l i b r i u m  
a t  t h e  l o c a l  e l e c t r o n  temperature,  t h e  Maxwell-Faraday, c u r r e n t  conser-  
v a t i o n ,  and Ohm's Law equa t ions  may be compacted i n t o  a s i n g l e  second- 
o r d e r  equat ion.  T h i s  may be done i n  e i t h e r  t h e  f i e l d  o r  c u r r e n t  rep re -  
s e n t a t i o n  by i n t r o d u c i n g  t h e  p o t e n t i a l  and f l u x  f u n c t i o n s  a ' ,  J, [Eqs. 
(2-5)  and (2-611. 
f i n e d  as 
The q u a s i - l i n e a r  second-order o p e r a t o r  LE may be de- 
a . (4-67)  a DE ax + EE ay a 2  + a 2  a 2  LE ' *E + ''E axay + 'E 
The system (4-49) may t h e n  be w r i t t e n  as  
L E ( @ ' )  = 0, (4-68 1 
where 
cE "') 4 xE 
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I 
and 
= X,(A,(a,)cos6sinG + $A,(og) B t A,(B)][cos2b - s in2& ] )  , BE L b- 
- 
DE - (qE)ne,Te ’ 
EE = (I- 1 
E neJTe 
(4-69) 
The same system may a l s o  be expressed i n  t h e  c u r r e n t  r e p r e s e n t a t i o n .  
The energy e q u a t i o n  i n  t h e  c u r r e n t  r e p r e s e n t a t i o n  i s  
Te = T t yJJ2, (4-70 1 
where 
s e n t a t  
= I/uOne. The c o u n t e r p a r t  o f  Eq. (4-56) i n  t h e  c u r r e n t  repre-  J 
on i s  
A second-order q u a s i - l i n e a r  o p e r a t o r  LJ may be d e f i n e d  as 
(4-72 
a 2  a 2  a2 a a 
LJ AJ + *’J axay + ‘J -+ D J a x  + E J F J  
g i b l e  
on 
so t h a t  i n  t h e  c u r r e n t  rep resen ta t i on ,  t h e  system (4-49) f o r  negl  
h e a t  conduct ion,  convect ion,  and pressure g r a d i e n t  induced d i f f u s  
becomes 
L J ( $ )  = 0. 
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( 4-73) 
Fo l low ing  t h e  Same procedure used i n  deve lop ing  Eqs. (4-691, t h e r e  r e -  
su I t s  
EJ = ( r  1 
J n e J e  ' 
where 
xJ 
2y J 2/Te 
a YJ * 
e aT 
I - yJJ2 
( 4-75 1 
Equat ions (4-68) and (4-73) a r e  second-order q u a s i - l i n e a r  d i f f e r e n -  
t i a l  equat ions whose t y p e  depends on t h e  p o s i t i v i t y  o f  n e g a t i v i t y  o f  t h e  
d i s c r  i rn i nant 
D E R2 - AC, ( 4-76) 
where A,B,C a r e  t h e  c o e f f i c i e n t s  i n  (4-67) o r  (4-72) .  When D < 0, t h e s e  
equa t ions  a r e  e l l i p t i c ,  and when D > 0, t h e  equa t ions  a r e  h y p e r b o l i c .  
It i s  r e a d i l y  shown t h a t  i n  e i t h e r  r e p r e s e n t a t i o n  El' - AC = b 2  - ac 
consisfen-l  w i t h  t h e  correspondence between a system o f  two f i r s t - o r d e r  
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o r  
It i s  t o  be no ted  t h a t  i n  t h e  absence o f  convec t i on  e f f e c t s  i n  t h e  
e l e c t r o n  c o n t i n u i t y  and energy equat ions,  t h e  c o n d i t i o n  f o r  u n i f o r m  e l -  
l i p t i c i t y  p resented  above i s  p r e c i s e l y  t h e  same as t h a t  fo r  t h e  preven- 
t i o n  of t h e  e lec t ro - the rma l  wave i n s t a b i l i t y  d iscussed i n  s e c t i o n  4.1. 
I t  appears, t h e r e f o r e ,  t h a t  s teady s t a t e  s o l u t i o n s  o f  t h e  nonuni form 
they  a r e  o f  h y p e r b o l i c  t y p e  when conduc t ion  equa t ions  (4-68) or  (4-73) 
would be p h y s i c a l l y  uns tab le .  
I n  t h e  event  o f  u n i f o r m  e l l i p t i c  
t h e  conven t iona l  D i r i c h l e t  o r  Neumann 
t Y  9
t Y  Pe 
b e r t . 3 2  A d i s c u s s i o n  of  t h e  uniqueness o f  
a r y  c o n d i t i o n s  i s  p resented  i n  appendix B. 
he boundary c o n d i t i o n s  a r e  of  
d iscussed i n  Courant, H i I -  
t h e  s o l u t i o n  w i t h  such bound- 
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5. NONUNIFORM CONDUCTION WITH A NONEQUlLlBRlUM 
CONDUCTIVITY: IONIZATION EQUi LlBRlUM 
I n  t h i s  chapter detailed numerical solutions are obtained for the 
dis tr ibut ions of current, potent ial ,  electron number densi ty ,  and elec- 
tron temperature i n  a f i n i t e l y  segmented channel with nonequipartition 
electron heating. The electrons are assumed t o  be i n  Sa& equilibrium 
a t  the local electron temperature. 
voltage for  the Faraday mode of operation are compared with the re su l t s  
for  i n f i n i t e l y  f i ne  segmented electrode channels. 
The internal  impedance and Hall 
5.1 Nondimensional Steadv Eauat ions 
When e l e c t r o n  p ressu re  g r a d i e n t s  a r e  neg lec ted  (rn << c f )  and hea t  
conduc t ion  and c o n v e c t i o n  e f f e c t s  a r e  neg lec ted  i n  t h e  e l e c t r o n  f l u i d ,  
t h e  govern ing equa t ions  fo r  t h e  p o t e n t i a l  Q f  and t h e  f l u x  f u n c t i o n  $ 
were shown t o  be 
L E ( @ ' )  = 0, = 0. (5-1 1 
The o p e r a t o r s  LE, LJ a r e  d e f i n e d  
t h e  e l e c t r o n  temperature and number d e n s i t y .  The e l e c t r o n  energy equa- 
t i o n  i n  t h e  f i e l d  r e p r e s e n t a t i o n  i s  
n Eqs. (4-67 and (4-72)  and c o n t a i n  
Te = T + yE(VQfI2, 
and i n  the  c u r r e n t  r e p r e s e n t a t i o n  ( 5-2 ) 
Te = T + y j ( V $ I 2 .  
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?!:e e l e c t r s n  nnmher density when Saha e q u i l i b r i u m  p r e v a i l s  a t  t h e  loca 
e l e c t r o n  temperature i s  g i v e n  by 
1 
n = n* = C(n - ne)  K(T,)I~ (5 -3  e e s o  
where n i s  t h e  number d e n s i t y  o f  i o n i z a b l e  seed atoms. 
s o  
These equat ions  and v a r i a b l e s  may be made nondimensional by i n t r o -  
duc ing  i n  a d d i t i o n  t o  a c h a r a c t e r i s t i c  v o l t a g e  V, and c u r r e n t  I, a 
c h a r a c t e r  i st i c temperature To and number dens i t y  n where 
e0 
n 5 n * ( T 0 ) .  eo e 
I f  nondimensional v a r i a b l e s  and opera to rs  a r e  d e f i n e d  as 
- 7' a r / v 0  $ f $/Io 
- 
LE h2LE TI 5 h2L.J J 
t h e n  t h e  fo rego ing  equat ions  may be w r i t t e n  as 
- - 
L p ' )  = 0 ,  L J ( p  = 0, ( 5-4 1 
( 5 - 5 )  
I n  t h e  above, 
- 
E .  I E ~ / ~ T , ,  
n o  : K(T,)/nSO, 
OIo2 
uo 0 neTo h2 
I t  i s  t o  be noted t h a t  i f  t h e  e 
change c o e f f i c i e n t  0 a r e  insens 
pe ra tu re ,  t h e n  w and w may be E J 
e c t r o n  mobi I i t y  
t i v e  t o  t h e  chang 
assumed t o  be con 
and t h e  energy ex- 
ng t h e  e l e c t r o n  tem- 
t a n t s .  
I n  t h e  f i e l d  r e p r e s e n t a t i o n  it i s  a p p r o p r i a t e  t o  s e l e c t  V, = V f  , 
Y 
t h e  ac tua l  
for  a g i ven  gas v e l o c i t y ,  magnet ic f i e l d  s t r e n g t h ,  and e x t e r n a l  load. 
The parameter wE t hen  possesses a use fu l  p h y s i c a l  s i g n i f i c a n c e  when t h e  
e l e c t r o n  m o b i l i t y  and energy exchange c o e f f i c i e n t  may be assumed un i fo rm.  
I f  t h e  channel i s  i n f i n i t e l y  f i n e l y  segmented and Tx = 0 (Faraday mode) 
and no n o n u n i f o r m i t i e s  e x i s t ,  t h e  s o l u t i o n  o f  t h e  f i r s t  o f  Eqs. (5-4)  i s  
induced v o l t a g e  ac ross  t h e  t r a n s v e r s e  e l e c t r o d e s  which e x i s t s  
- -  - - 6 ,  aTr ax 
The energy equa t ion  i n  t h e  f i e l d  r e p r e s e n t a t i o n  t h e n  becomes 
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Since  t h e  gas tempera ture  i s  u n i f o r m  a t  To, it f o l l o w s  t h a t  T = I and 
Te - To 
w =  
E T, ( 5-8 1 
The parameter  uE t h u s  rep resen ts  t h e  e l e c t r o n  tempera ture  r i s e  i n  an 
i n f i n i t e l y  f i n e  segmented e l e c t r o d e  channel w i t h  cons tan t  v o l t a g e  V '  
Y 
for  t h e  g i v e n  p h y s i c a l  parameters q0, c i ,  and f .  
- 
I n  t h e  c u r r e n t  r e p r e s e n t a t i o n  t h e  c u r r e n t  I, i s  s e l e c t e d  as I, = 
t h e  a c t u a l  c u r r e n t  f l o w i n g  across t h e  t r a n s v e r s e  e l e c t r o d e s .  I f  t h e  
channel i s  i n f i n i t e l y  f i n e l y  segmented and T = 0 and no n o n u n i f o r m i t  
e x i s t ,  t h e  s o l u t i o n  o f  t h e  second o f  Eqs. 5-4 i s  
X 
The energy equat  
- -  ' - -h/L, az 
on i n  t h e  c u r r e n t  r e p r e s e n t a t i o n  i s  t hen  
I 
Y '  
es 
S ince  t h e  gas tempera ture  T i s  un i fo rm a t  To, it f o l  lows t h a t  = I and 
f 
Thus, wJ rep resen ts  t h e  p r o d u c t  o f  the  nondimensional temperature r i s e  
and t h e  square o f  t h e  nondimensional number d e n s i t y  r i s e  i n  an i n f i n i t e l y  
f i n e  segmented MHD channel w i t h  a cons tan t  t r a n s v e r s e  c u r r e n t  I . 
comparing Eqs. (5-8) and (5-10) i t  can be seen t h a t  
On 
Y 
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where V, which appears i n  uE and wJ, i s  t o  be i n t e r p r e t e d  as t h e  v o l t -  
age which causes a c u r r e n t  I, t o  f l o w  w i t h  c o n d u c t i v i t y  u,: V o  = l o - a  h uo -1 . 
I n  terms o f  t h e  f u n c t i o n  S(Te), d e f i n e d  as 
(5-1 I )  
t h e  e l e c t r o n  number d e n s i t y  may be e x p l i c i t l y  w r i t t e n  as 
- 2 f  -1 n =  e I + J I + 4/S(Te) 
(5-12) 
The l o g a r i t h m i c  d e r i v a t i v e  o f  ne which appears i n  t h e  o p e r a t o r s  4, rJ 
i s  
(5-13) 
a ‘ e  
The boundary c o n d i t i o n s  i n  nondimensional form a r e  i d e n t i c a l  t o  those  
g i v e n  i n  Sec t i on  3.2.1. 
5.2 P o t e n t i a l ,  Cur ren t ,  and E l e c t r o n  Temperature D i s t r i b u t i o n s  
I n  i l l u s t r a t i n g  t h e  e f f e c t s  of f i n i t e  e l e c t r o d e  segmentat ion w i t h  
nonuniform Joulean h e a t i n g  and a n o n e q u i l i b r i u m  c o n d u c t i v i t y ,  t h e  energy 
exchange c o e f f i c i e n t  e, e l e c t r o n  m o b i l i t y  p, and gas s t a t e  v a r i a b l e s  
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p,T,. . . w i  
as t h i s  un 
pa ramet e rs 
t y p i c a l  of  
I be assumed t o  be uni form.  The temperature 
form gas tempera ture  so t h a t  T = I .  As a t y p  
t i o n  o f  u n i f o r m  m o b i l i t y ,  
sense of i n e q u a l i t y  (4-49 
c i t y  (4-78)  r e q u i r e s  B < 
; however, t h e  c o n d i t i o n  
.09. The H a l l  parameter  
s e t  equa l  t o  1.0 f o r  t h e  purposes of s t u d y i n g  o n l y  
s o l u t i o n s  o f  t h e  s teady equat ions .  T h i s  c h o i c e  o f  
H a l l  e f f e c t  w i t h o u t  exceeding t h e  c r i t e r i o n  fo r  un 
The s o l u t i o n s  o f  Eqs. (5 -4)  and (5-5) or (5 -6  
i s  s e l e c t e d  
c a l  case, these 
a r e  f i x e d  a t  t h e i r  va lues f o r  e q u i l i b r i u m  gas c o n d i t i o n s  
a s l i g h t l y  seeded cesium-argon m i x t u r e  a t  one atmospher ic  
p ressure ,  T o  = 2400°K, mole seed f r a c t i o n  o f  0.004, and an e f f e c t i v e  
f i e l d  V'/h = 40 v o l t s / m e t e r .  For  these va lues,  0.5 .  The geomet- 
r i c a l  parameters a r e  s e l e c t e d  as k l h  = I ,  a /k  = 0.5. Wi th  t h e  assump- 
Y WE 
t h e  gas i s  a lways s t a t i c a l l y  s t a b l e  i n  t h e  
o f  u n i f o r m  e l l i p t i -  
B w i l l  t h e r e f o r e  be 
u n i f o r m l y  e l l i p t i c  
B a l  lows a modest 
form el I i p t i c i t y .  
s u b j e c t  t o  t h e  
boundary c o n d i t i o n s  ( 2 - 3 6 )  and ( 2 - 3 7 )  or ( 2 - 3 8 )  a r e  ob ta ined  numer ica l  
( c . f .  appendix  A ) .  The c u r r e n t  and p o t e n t i a l  f i e l d s  f o r  t h e  above con 
d i t i o n s  a r e  shown i n  F igs .  5-1 and 5-2 f o r  t h e  case Ix = 0. I t  can be 
Y 
seen t h a t  t h e  e f f e c t s  o f  nonuni form Joulean h e a t i n g  have g e n e r a l l y  d i s -  
t o r t e d  t h e  c u r r e n t  d i s t r i b u t i o n  shown i n  F i g .  5-1. T h i s  c u r r e n t  d i s -  
t r i b u t i o n  may be compared w i t h  t h a t  when t h e  c o n d u c t i v i t y  i s  u n i f o r m  
shown i n  F i g .  3-6. I t  may be no ted  t h a t  w i t h  u n i f o r m  c o n d u c t i v i t y  t h e  
c u r r e n t  f l ows  a t  an ang le  ve ry  nea r l y  equal t o  t a n - l ( h / a )  i n  t h e  c o r e  
o f  t h e  gas; however, w i t h  nonuni form Jouledn hea t ing ,  t h e  c u r r e n t  f l o w s  
ve ry  n e a r l y  a t  t h e  Hal I ang le  tan ' l (B) .  
d i s t u r b a n c e  of t h e  f l o w  i n  t h e  c o r e  by t h e  f i n i t e  segmentat ion pene- 
t r a t e s  more deeply  i n t o  t h e  c o r e  w i t h  a n o n e q u i l i b r i u m  c o n d u c t i v i t y  t han  
I t  may also be noted t h a t  t h e  
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c u r r e n t  d e n s i t y  i s  i n t e n s i f i e d  a t  t h e  r i gh t -hand  s i n g u l a r i t y  
t o  t h e  u n i f o r m  c o n d u c t i v i t y  case; indeed, t h i s  d i s t r i b u t i o n  
t o  t h e  d i s t r i b u t i o n  w i t h  h i g h  c o n d u c t i v i t y  l a y e r s  ( F i g .  3-8) 
The p o t e n t i a l  7’ i s  shown f o r  t h i s  case i n  F i g .  5-4 and 
w i t h  a u n i f o r m  c o n d u c t i v i t y .  
The cumu la t i ve  d i s t r i b u t i o n  o f  c u r r e n t  on t h e  e l e c t r o d e  w i t h  non- 
e q u i p a r t i t i o n  h e a t i n g  i s  shown i n  Fi;. 5-3. I t  can be seen t h a t  t h e  
compared 
s s i m i l a r  
may be 
0 f o r  u n i f o r m  c o n d u c t i v i t y .  I t  may 
l i n e s  i n  t h e  i n t e r e l e c t r o d e  r e g i o n  
been e f f e c t i v e l y  sho r ted  o u t  i n  t h i s  
r e g i o n  by t h e  nonuni form Joulean hea t ing .  T h i s  e f f e c t  i s  c o n s i s t e n t  
w i t h  t h e  f a c t  t h a t  t h e  c u r r e n t  i n  t h i s  r e g i o n  f l o w s  n e a r l y  a t  t h e  H a l l  
The v a r i a t i o n  o f  t h e  p o t e n t i a l  b‘ a long  t h e  i n s u l a t o r  w a l l  i s  
compared w i t h  t h a t  shown i n  F ig .  3- 
be no ted  t h a t  t h e  p a r a l l e l  p o t e n t i a  
i n d i c a t e  t h a t  t h e  H a l l  f i e l d  E: has 
angle.  
shown 
d u c t  i v 
i n s u l a  
of  t h e  
n F ig .  5-4 where it i s  c o n t r a s t e d  w i  
t y .  I t  can be seen t h a t  t h e  t o t a l  r 
or i s  below t h a t  f o r  u n i f o r m  conduct  
a x i a l  p o t e n t i a l  a long  t h e  i n s u l a t o r  
a u n i f o r m  c o n d u c t i v i t y .  
h t h e  case f o r  u n i f o r m  con- 
se i n  p o t e n t i a l  a long  t h e  
v i t y .  The r a t e  o f  growth 
s a l s o  less than  t h a t  w i t h  
The e l e c t r o n  tempera ture  d i s t r i b u t i o n  i s  shown i n  F i g .  5-5. I t  
may be seen t h a t  h i g h  tempera ture  zones occu r  o v e r  t h e  s i n g u l a r  p o i n t s  
a t  t h e  i n t e r s e c t i o n  of  t h e  e lec t rodes  and t h e  i n s u l a t o r s .  I t  may be 
noted 
e x i s t s  whose a x i s  i n  t h e  c o r e  l i e s  approx imate ly  a t  t h e  H a l l  ang le .  
T h i s  e e c t r o n  tempera ture  f i e l d  may be c o n t r a s t e d  w i t h  t h e  J o u l e  h e a t i n g  
f i e l d  J2 /o  f o r  un i fo rm c o n d u c t i v i t y  shown i n  F i g .  5-6. I t  may a g a i n  be 
observed t h a t  t h e  d i s t u r b a n c e  c rea ted  a t  t h e  s i n g u l a r  p o i n t s  a t  t h e  
h a t  a p l a t e a u  o f  n e a r l y  un i fo rm e l e c t r o n  tempera ture  T /T = 1.40 e 
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temperature,  t h e  e l e c t r o n  number d e n s i t y  i s  d i r e c t l y  r e f l e c t e d  
e l e c t r o n  temperature f i e l d .  Th i s  temperature f i e l d  possesses s 
n a t i o n  p o i n t  on t h e  i n s u l a t o r )  and a reg  
t u r e  i n  t h e  absence o f  o t h e r  d i s s i p a t i o n  
( t h e  s i n g u l a r  p o i n t s  a t  t h e  e l e c t r o d e - i n  
c o r r e  
be PO 
b rock  
f o r  v a l  ues 
c o n d u c t i n g  
s e p a r a t  i ng 
t r e a t e d  by 
pond 
n t e d  
mode 
e l e c t r o d e - i n s u l a t o r  i n t e r s e c t i o n  Fene t ra tes  more d e e c ! ~  into t h e  core 
w i t h  nonuni form Joulean h e a t i n g  than  w i t h  a u n i f o r m  c o n d u c t i v i t y .  
By v i r t u e  of  t h e  assumed Saha e q ~ i !  i h r i ~ m  2t t he  ! cca i  eiec-r~:: 
n t h e  
g n i f  i -  
c a n t  n o n u n i f o r m i t i e s  i n  t h e  a x i a l  d i r e c t i o n  as w e l l  as i n  t h e  t r a n s v e r s e  
d i r e c t i o n .  Note i n  p a r t i c u l a r  t h a t  t h e r e  always e x i s t s  a r e g i o n  i n  t h e  
a x i a l  d i r e c t i o n  where t h e  e l e c t r o n  heat ing  vanishes ( t h e  c u r r e n t  s tag-  
on where t h e  e l e c t r o n  tempera- 
e f f e c t s  i s  i n f i n i t e l y  l a rge  
u l a t o r  i n t e r s e c t i o n s ) .  Thus, 
o f  B o f  t h e  o r d e r  u n i t y ,  t h e r e  i s  no ev idence of a h i g h l y  
b u t  a x i a l l y  un i fo rm "sho r t i ng "  l a y e r  o v e r  t h e  i n s u l a t o r s  
r e s u l t  may be c o n t r a s t e d  w i t h  t h e  model 
ch such a l a y e r  i s  p o s t u l a t e d  w i t h  a 
ng l y  l a r g e  d e t e r i o  a t  on i n  channel performance. I t  shou ld  
ou t ,  however, t h a t  such d e t e r i o r a t i o n  e f f e c t s  i n  t h e  Kerre-  
do n o t  occur  u n t i  Hal I parameters c o n s i d e r a b l y  l a r g e r  than 
one a r e  reached. The c o n d u c t i v i t y  model t r e a t e d  here, however, would be 
i n  t h e  range i n  which t h e  e lec t ro - thermal  wave i n s t a b i l i t y  would be 
p r e s e n t  f o r  such la rge  va lues o f  Hal I parameter.  
t h e  e I ec t rodes .  Th i s 
K e r r e b r o ~ k l ~ , ~ ~  i n  wh 
5.3 I n t e r n a l  Impedance and H a l l  Vol tage 
The combined e f f e c t s  o f  f i n i t e  e l e c t r o d e  s i z e  and t h e  r e s u l t i n g  
nonuni form Joulean h e a t i n g  lead, as f o r  o t h e r  n o n u n i f o r m i t i e s ,  t o  an 
increased t r a n s v e r s e  impedance and a depressed H a l l  vo l tage .  For t h e  
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u n i f o r m  c o n d u c t i v i t y  case w i t h  f i n i t e  e l e c t r o d e s  (R/h = I, a l a  = 0.5, 
B = I ) ,  vH = 0.45; b u t  i f  nonuni form Joulean h e a t i n g  occu rs  w i t h  t h e  
e l e c t r o n s  i n  Saha e q u i l i b r i u m  a t  t h e  nonuni form e l e c t r o n  temperature,  
t h e  Hal I v o l t a g e  fo r  t h i s  example i s  reduced t o  v = 0.36. The t r a n s -  
ve rse  impedance and H a l l  v o l t a g e  w i t h  nonun i fo rm Jou ean h e a t i n g  a r e  
compared t o  those f o r  con t inuous  and i n f i n i t e l y  f i n e  segmented channels  
a t  t h e  same gas c o n d i t i o n s  w i t h  t h e  same e f f e c t i v e  f e l d ,  V’/h = 40 
v o l t s / m e t e r  i n  Table 5-1. 
H 
Y 
TABLE 5-1 
- - 
E l e c t r o d e  c o n f i g u r a t i o n  and RT = R /R  ( 0 )  V H  = V’ / (v ; ) idea l  Y Y  Y Y  X c o n d u c t i v i t y  model 
I dea l  cont inuous w i t h  non- 
e q u i l i b r i u m  
Idea !  segmented w i t h  non- 
equ i I i b r i  um 
0.30 0 
0.05 I .o 
F i n i t e  segmented w i t h  u = u o  I .60 0.45 
F i n i t e  segmented w i t h  non- 0.12 
@qui  I i b r i u m  
0.36 
I t  can be seen t h a t  t h e  impedance i s  markedly  h i g h e r  t h a n  t h a t  f o r  i d e a l  
segmented conduc to rs  b u t  s t i l l  somewhat below t h a t  f o r  con t inuous  e l e c -  
t r o d e s  w i t h  n o n e q u i p a r t i t i o n  e l e c t r o n  h e a t i n g .  
I n  F i g .  5-7 t h e  e f f e c t  o f  t h e  d e p a r t u r e  of  t h e  e l e c t r o n  temperature 
from t h e  gas temperature f o r  a f i x e d  Hal I parameter  of  u n i t y  i s  shown. 
I t  can be seen t h a t ’ t h e  i n t e r n a l  impedance r e l a t i v e  t o  t h e  i n t e r n a l  i m -  
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pedance of  an i n f i n i t e l y  f i n e  segmented e l e c t r o d e  g e n e r a t o r  increases 
as t h e  e l e c t r o n  temperature i s  a l l o w e d  t o  respond t o  t h e  Joulean h e a t i n g  
and reaches a maximum near  va lues  o f  o 
f o r m i t y .  
and hence more un i fo rm.  The r a t i o  of  t h e  a c t u a l  impedance t o  t h e  i d e a l  
co r respond ing  t o  maximum nonuni-  
As oE i s  increased f u r t h e r ,  t h e  gas becomes more f u l l y  i o n i z e d  
E 
segmented impedance beg ins  t o  decrease back towards i t s  v a l u e  f o r  u n i -  
form c o n d u c t i v i t y .  The H a i l  v o l t a g e  behaves i n  a co r respond ing  f a s h i o n .  
As t h e  depar tu re  of  t h e  e l e c t r o n  tempera tu re  from t h e  gas tempera tu re  
increases, t h e  h i g h e r  c o n d u c t i v i t y  near  t h e  edge of  t h e  e l e c t r o d e s  and 
i n s u l a t o r s  decreases t h e  H a l l  v o l t a g e .  As f u r t h e r  depar tu res  a r e  a l -  
lowed, t h e  gas begins t o  reach f u l l  i o n i z a t i o n  o f  t h e  seed and t h e  H a l l  
v o l t a g e  begins t o  i nc rease  towards i t s  u n i f o r m  c o n d u c t i v i t y  va lue .  
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6. FINITE RATE I O N I Z A T I O N  AND RECOMBINATION 
IN PERIODIC TEMPERATURE FIELDS 
I n  t h i s  chapter the e f f e c t s  of f i n i t e  rate  ionizat ion and recombin- 
The presence of at ion  on the model discussed i n  chapter 5 are examined. 
such f i n i t e  rate  e f f e c t s  i s  shorn t o  be suggested i n  the experimental 
r e s u l t s  of Fischer. 2 0  
which f i n i t e  rate e f f e c t s  would be manifested are presented. 
servations are rendered more quantitative by a calculation of the number 
densi ty  response with f i n i t e  rate  e f f ec t s  t o  spat ial ly  periodic steady 
one-dimensional temperature disturbances. 
characteris t ic  of the "hot spots" i n  segmented electrode channels due t o  
current concentrations. 
Qualitative observations about the manner in 
These ob- 
Such disturbances would be 
6.1 E l z c t r o n  Nurnber D e n s i t y  Antisymmetry w i t h  H a l l  E f f e c t  and F i n i t e  
Rate I o n i z a t i o n  
~~ ~ 
I n  c h a p t e r  5 i t  was shown t h a t  fo r  t h e  o r i e n t a t i o n  o f  t h e  magnet ic 
f i e l d  shown i n  F i g .  2-1 r e g i o n s  o f  ve ry  h i g h  e l e c t r o n  temperature c o r -  
respond ing  o l a r g e  c o n c e n t r a t i o n s  o f  c u r r e n t  develop a s s y m e t r i c a l l y  a t  
t h e  l e a d i n g  edge o f  t h e  upper e l e c t r o d e  and a t  t h e  downstream edge o f  
t h e  lower e ec t rode .  When t h e  e l e c t r o n s  a r e  a l l owed  t o  ach ieve  Saha 
e q u i l i b r i u m  a t  t h e  l o c a l  e l e c t r o n  temperature,  t h e s e  r e g i o n s  o f  h i g h  
e l e c t r o n  tempera tu re  d i r e c t l y  r e f l e c t  r e g i o n s  o f  h i g h  e l e c t r o n  number 
d e n s i t y  . 
The e q u i l i b r i u m  e l e c t r o n  number d e n s i t y  d i s t r i b u t i o n  may be d i s -  
t u r b e d  by gas dynamic c o n v e c t i o n  i f  t h e  recomb ina t ion  f requency i s  n o t  
I05 
l a r g e .  
number d e n s i t y  which would t e n d  t o  develop a t  t h e  " h o t  spots"  under 
Under such c i rcumstances it may be concluded t h a t  t h e  e l e c t r o n  
equi  I ibr iurn 
t h e  downstr 
en t .  Thus, 
number dens 
number dens 
c o n d i t i o n s  w i l l  t e n d  t o  be d i s t r i b u t e d  p r e f e r e n t i a l l y  i n  
am d i r e c t i o n  when c o n v e c t i v e  nonequi I i b r i u m  e f f e c t s  a r e  p res -  
near t h e  e l e c t r o d e s ,  i t  would be expected t h a t  t h e  e l e c t r o n  
t y  a t  t h e  upper e l e c t r o d e  would be h i g h e r  t h a n  t h e  e l e c t r o n  
t y  a t  t h e  lower e l e c t r o d e .  T h i s  i s  because t h e  e l e c t r o n s  
generated a t  t h e  lower "ho t  spo t "  a r e  immediate ly  convected o v e r  t h e  
adJacent i n s u l a t o r  segment whereas t h e  e l e c t r o n s  generated a t  t h e  upper 
" h o t  spo t "  a r e  immediately convected o v e r  t h e  upper e l e c t r o d e .  Such an 
e f f e c t  i n  a l i n e a r  MHD channel has been observed by F i s c h e r . 2 8  I n  F i g .  
6-1, F i s c h e r ' s  measurements o f  t h e  r a d i a t i o n  i n t e n s i t y  d i s t r i b u t i o n  be- 
tween an e l e c t r o d e  p a i r  a l o n g  a l i n e  i n t e r s e c t i n g  t h e  m i d p o i n t s  o f  t h e  
i n s u l a t o r s  i s  shown. The plasma f o r  t h i s  case was generated i n  a 135 
m/sec, 2100'K potassium-seeded argon flow. T h i s  r a d i a t i o n  i n t e n s i t y  i s  
p r o p o r t i o n a l  t o  t h e  p o p u l a t i o n  o f  an e x c i t e d  potass ium s t a t e ;  however, 
because of t h e  c o n v e c t i v e  n o n e q u i l i b r i u m ,  it i s  n o t  c l e a r  t h a t  t h i s  s t a t e  
i s  i n  e q u i l i b r i u m  w i t h  e i t h e r  t h e  e l e c t r o n  tempera tu re  o r  t h e  e l e c t r o n  
number d e n s i t y .  The r a d i a t i o n  i s  p robab ly  an index o f  b o t h  temperature 
and number d e n s i t y  e f f e c t s .  I t  can be seen t h a t  t h e  i n t e n s i t y  i s  h i g h e r  
a long  t h e  i n s u l a t o r  w a l l  which i s  immediately downstream o f  t h e  "ho t  
spot ' '  t h a n  a long  t h e  upper i n s u l a t o r  w a l l  which i s  immediately upstream 
o f  t h e  "ho t  spot" .  A r e v e r s a l  o f  t h e  c u r r e n t  (and hence t h e  cathode and 
anode) has l i t t l e  e f f e c t  on t h i s  d i s t r i b u t i o n ;  thus,  e l e c t r o d e  sheath 
e f f e c t s  do n o t  appear t o  be dominant. 
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F i g .  6-1 R a d i a t i o n  i n t e n s i t y  measurements of  F i s c h e r  a long  a 
t r a v e r s e  across  t h e  channel i n t e r s e c t i n g  t h e  m idpo in ts  
of  opposed i n s u l a t o r  segments 
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6.2 Recombination Times and Residence Times i n  F low ing  Noble-Gas, 
A l k a l  i -Metal  Plasmas 
The f o r e g o i n g  o b s e r v a t i o n s  may be rendered somewhat more p r e c i s e  
by c a l c u l a t i o n  o f  t h e  magnitude of c o n v e c t i v e  n o n e q u i l i b r i u m  e f f e c t s  ex- e 
pected i n  a segmented e ! e c t r o d e  MHD channel .  I n  t h e  range o f  o p e r a t i n g  
temperature a n r i c i p a t e d  f o r  a l k a l i  metal  seeded nob le  gas MHD genera to rs  
t y p e .  A t h e o r y  f o r  three-body recomb ina t ion  
and H i r ~ c h b e r g . ~ ~  I f  t h e  n e t  r a t e  o f  produc 
n t h e n  e’ 
(app rox ima te l y  2000OK) t h e  recomb ina t ion  i s  p r i n c i p a l l y  o f  t h e  
g i ven by 
e c t r o n s  
has been 
i o n  of  e 
h = an ( n  * 2  - n 2 1 ,  e e e  e 
three-body 
H i  nnov 
s denoted 
(6-1 1 
where w i s  t h e  recomb ina t ion  c o e f f i c i e n t  and ne* i s  t h e  e q u i l i b r i u m  
number d e n s i t y  a t  temperature Te; t h e  recomb ina t ion  f requency i s  
v = an 2 .  (6-2 ) 
r e 
I n  appendix C va lues o f  v f o r  v a r i o u s  va lues  o f  T and n a r e  c a l c u l a -  
t e d  accord ing t o  t h e  t h e o r y  f o r  a ( T  ) o f  Hinnov and H i r schberg .  I n  pa r -  e 
t i c u l a r ,  it i s  shown t h a t  t h e  recomb ina t ion  f requency i n  a 2000°K plasma 
seeded w i t h  a few t e n t h s  o f  a p e r c e n t  o f  a l k a l i  metal  vapor i s  o f  t h e  
o r d e r  o f  I O 3  s e c - l .  
would rep resen t  a lower l i m i t  o f  v e l o c i t y  f o r  MHD g e n e r a t o r s )  and an 
e l e c t r o d e  of  I c m  i n  length,  t h e  plasma res idence  t i m e  o v e r  t h e  e l e c t r o d e  
i s o f  t h e  order  o f  I G-4 sec. S i  nce t h e  correspond i ng t i m e  f o r  i o n i z a t i o n  
o r  recornbinat ion i s  o n l y  sec, i t  can be seen t h a t  c o n v e c t i v e  non- 
r e e 
For  a plasma f l o w  o f  app rox ima te l y  100 m/sec (wh ich  
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e q u i l i b r i u m  i s  e a s i l y  achieved i n  such iow e iez f ron  number d e i s i t y  ~ l a s -  
mas. 
6.3 E l e c t r o n  C o n t i n u i t y  Equat ion w i t h  I o n i z a t i o n  and Recombination 
A s tudy  o f  one-dimensional n o n u n i f o r m i t i e s  i n  e l e c t r o n  temperature 
and number d e n s i t y  w i l l  now be made w i t h  t h e  aim o f  o b t a i n i n g  a more 
p r e c i s e  e v a l u a t i o n  o f  t h e  decay and response of  t h e  e l e c t r o n  number den- 
t o  p e r i o d i c  temperature h o t  spots .  The s t e a d y - s t a t e  e l e c t r o n  con- s i  t y  
t i n u  
a x i s  
From 
t y  e q u a t i o n  f rom s e c t i o n  2.3 f o r  a v e l o c i t y  para1 
and independent o f  x w i t h  n e g l i g i b l e  i on  c u r r e n t  i s  
a "e u - = an (n *2 - n 2 ) .  ax e e  e 
t h e  work o f  Hinnov and H i r ~ c h b e r g , ~ ~  
9 
a(Te)  = 5 . 6 ~ 1 0 - ~ ~ ( k T  e 
where kTe i exp r e  sed i n  e l e c t r o n  v o l t s .  The e l - z t r o n  
e l  t o  t h e  x 
( 6-3 1 
(6-4 1 
n t i n u i t y  equa- 
t i o n  may be nondimensional ized on c h a r a c t e r i s t i c  va lues n To, and 
p e r i o d  l eng th  II t o  become 
eo ' 
(6-5)  
where 
- 
n e ne/ne, 8 
n * = n * ( T e ) / n  , 
e e e0 
IO9 
- 
u = u/Rvr, 
- 
x = x/R. 
The recombinat ion f requency a t  t h e  re fe rence  temperature i s  v = 
a(T,)ne*2(T,). The p e r i o d i c  boundary c o n d i t i o n  f o r  Eq. (6-5) i s  
r 
Since R l u  rep resen ts  t h e  average res idence t i m e  o f  t h e  plasma i n  t h e  
p e r i o d  o f  l eng th  R, and I / v r  r e p r e s e n t s  t h e  average t i m e  between recom- 
b i n a t i o n  events ,  i t  can be seen t h a t  t h e  parameter u represents  t h e  ra -  
t i o  o f  the  recombinat ion t i m e  t o  t h e  plasma res idence t ime.  Thus, when 
u -+ 0, t he  e l e c t r o n  number d e n s i t y  i s  i n  e q u i l i b r i u m  i n  t h e  s e c t i o n  o f  
l eng th  R, and when -+ a, t h e  e l e c t r o n  number d e n s i t y  i s  f rozen i n  t h e  
- 
s e c t i o n  o f  
6.4 SDatia 
ength R. 
l y  P e r i o d i c  S o l u t i o n s  of  t h e  E l e c t r o n  Cont 
I n  appendix D i t  i s  shown t h a t  t h e  n o n l i n e a r  r a t e  
nu i t y  Equat ion 
e q u a t i o n  ( 6 - 5 )  
may be transformed i n t o  a l i n e a r  equat ion,  and t h a t  t h e  s o l u t i o n  of  Eq. 
( 6 - 5 )  sub jec t  t o  t h e  boundary c o n d i t i o n  ( 6 - 6 )  i s  
I - - - n =  e 
U 
where 
- L  
2 
? (6-7 1 
I I O  
I t  i s  shown (appendix  D) t h a t  i n  t h e  f rozen  l i m i t  where T+ m, t h e  solu- 
t i o n  ( 6 - 7 )  becomes 
(6-10) 
Thus i n  t h e  f r o z e n  l i m i t ,  t h e  number d e n s i t y  becomes u n i f o r m  i n  t h e  ax- 
i a l  d i r e c t i o n  x and i s  equal t o  a r o o t  mean square average of  t h e  Saha 
number d e n s i t y  weighted a g a i n s t  t h e  recombina t ion  c o e f f i c i e n t .  
6 . 5  Number Dens i t y  Response t o  S p a t i a l l y  P e r i o d i c  Temperature Pulses 
As an a p p l i c a t i o n  o f  t h e  fo rego ing  r e s u l t s ,  c o n s i d e r  a model o f  t h e  
h i g h  tempera ture  zones which occu r  p e r i o d i c a l l y  a t  t h e  i n t e r s e c t i o n  o f  
c channel .  
se o f  t h e  
t h e  i n s u l a t o r s  and e l e c t r o d e s  o f  a segmented magnetohydrodynam 
A s i m p l e  model of  such an e f f e c t  i s  an e l e c t r o n  fempera ture  pu 
form shown i n  F i g .  6-2: 
(6-1 I )  
where 6 rep resen ts  t h e  s p a t i a l  e x t e n t  i n  t h e  a x i a l  d i r e c t i o n  o v e r  which 
t h e  p u l s e  extends and Te represents  t h e  tempera ture  w i t h i n  t h e  pu lse .  
ma x 
I I  I 
Regions of  h i g h  
d i s s i p a t i o n  and l a r g e  
e I e c t r o n  temperature 
X 
Fig.  6-2 P e r i o d i c  temperature pu lses  i n  a f i n i t e l y  segmented MHD 
channe I 
I 1 2  
The tempera ture  o v e r  t h e  remainder of t h e  i n s u l a t o r  and e l e c t r o d e  i s  se- 
l e c t e d  a t  t h e  re fe rence  tempera ture  and i s  denoted T . 
eo 
The e!ectrnn niurnher d e n s i t y  response t o  such a tempera ture  d i s t r i b u -  
t i o n  i s  shown i n  F i g .  6-3 f o r  var ious  va lues  of t h e  parameter c, f o r  
& / a  = 0.2, Te /T = 1.5, c i / kT  = 20. The e q u i l i b r i u m  l i m i t  (c = 0 )  
e0 e0 ma x 
I 
r e s e n t  
a r e  s t  
and t h e  f r o z e n  I i m i t  tu + a r e  t o  be noted.  I t  can be seen t h a t  as 
i s  increased,  t h e  e l e c t r o n  number dens i t y  responds less  s h a r p l y  t o  t h e  
tempera tu re  pu lse  and a l s o  decays less s h a r p l y .  
spread t h e  r e g i o n  o f  h i g h  e l e c t r o n  number d e n s i t y  o v e r  t h e  i n s u l a t o r  re -  
g i o n  on  t h e  downstream s i d e  o f  t h e  temperature " h o t  spot" .  
T h i s  e f f e c t  tends  t o  
should be no ted  t h a t  w i t h  values of as h i g h  as I O  or 20 ( r e p -  
ng t h e  r a t i o  o f  i o n i z a t i o n  t ime  t o  res idence  t i m e ) ,  t h e  e l e c t r o n s  
egree away from t h e i r  f r o z e n  va lue;  indeed, it appears 
u c t u a t i o n  i n  e l e c t r o n  
I I  a l a rge  
t h a t  va lues  of  Z 200 a r e  requ r e d  b e f o r e  t h e  f 
number d e n s i t y  i s  ess t h a n  10% over  t h e  p e r i o d .  
I n  F i g .  6-4, t h e  average va lue  o f  t h e  e l e c t r o n  number d e n s i t y  
t e d  <ye> i n  t h e  range 0 .1  x s I i s  shown as a f u n c t i o n  o f  c. 
I i m i t  v a l u e  7ie 
The 
and t h e  average equ i  I i b r ium va I ue <Le*> a r e  a 
f r o z e n  
deno- 
rozen 
so 
shown. 
u % I .  
I t  may be observed t h a t  t h e  maximum v a l u e  o f  <; > occurs  f o r  e 
- 
I13 
I 
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F ig .  6-3 Electron number density response to periodic temperature 
pulses'  ' 
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7.  NONUNIFORM ELECTRICAL CONDUCTION WITH 
A NONEQUILIBRIUM CONDUCTIVITY: 
F I N I TE RATE EFFECTS 
In th i s  chapter, consideration i s  given t o  the e f f e c t s  of f i n i t e  
rates of iorlization and recombination due t o  convective nonequilibrium 
on e lec tr ica l  conduction i n  a f i n i t e l y  segmented magnetohydrodynamic 
channel with nonequilibrium conductivity.  
assumed t o  be determined by a simple balance between Joulean heating 
and col l is ional  energy loss  t o  the heavy species i n  the gas as discus- 
sed i n  chapters 2 and 5 .  The electron number density,  however, i s  gov- 
erned by the more complete electron continuity equation discussed i n  
chapter 6 .  
t i on  o f  potential ,  current, electron temperature, and electron number 
densi ty .  
f o r  the model discussed i n  chapter 5 ,  i n  which the electrons were as- 
sumed t o  be i n  {onization equilibrium a t  the local electron temperature. 
A speci f ic  calculation i s  made f o r  the approximate conditions and geom- 
e t ry  o f  the experiment of  Fischer.28 
cherls measurements are explainable i n  terms of a convective nonequilib- 
riwn e f f e c t .  
The electron temperature i s  
Detailed numerical solutions are obtained for  the d is t r ibu-  
The re su l t s  of t h i s  model are contrasted w i t h  those obtained 
I t  i s  shorn tha t  certain of F i s -  
7.1 Nondimensional Steady Equat ions 
The nond i mens i ona I steady equat  i ons  govern i ng t h e  p o t e n t  i a I o r  
f l u x  f u n c t i o n  5, e l e c t r o n  temperature Te, and number d e n s i t y  ne from 
s e c t i o n s  3.2, 5.1, and 6.3 a r e  
I16 
C u r r e n t  Conserva t ion  and Maxwell-Faraday: 
- - 
ME(T') = 0, MJ(T) = 0, ( 7 - 1 )  
E I e c t r o n  Energy : 
E l e c t r o n  C o n t i n u i t y :  
a i i  
The o p e r a t o r s  RE, F, a r e  de f i ned  as 
a - - 
a 2  a 2  a + r  ' - +  
E,J 
- 
7 + ~ E , J  a x 2  M (7-4 1 
from Eqs. For  u n i f o r m  e l e c t r o n  mobi I i t y  p 8  the c o e f f i c  
(2-1 I )  and (2-12) a r e  
a tn iie 
ax + 
a Rn '7ie 
B 3 
a7 
(7-5)  
a tn iie 
B 9 
a7 
r =  E 
I 1 7  
(7-6) 
Equat ions (7-11, (7-2),  and (7-3) a r e  t h r e e  equa t ions  gove rn ing  5’ or  
JI ,  T and ne. From s e c t i o n  4.3, t h i s  system o f  steady s t a t e  equa t ions  
i s  pa rabo l i c ,  p rov ided  u # 0. From s e c t i o n  4.1, it was shown t h a t  t h e  
- 
e 
e l e c t r o - t h e r m a l  wave i n s t a b i l i t y  may s t i l l  occu r  even w i t h  f i n i t e  r a t e s  
o f  i o n i z a t i o n .  The c o n d i t i o n  f o r  t h e  p r e v e n t i o n  of t h i s  i n s t a b i l i t y  
w i ! l  be discussed i n  t h e  example below. 
7.2 P o t e n t i a l ,  Cu r ren t ,  E l e c t r o n  Temperature, and E l e c t r o n  Number 
Dens i t v  D i s t r i b u t i o n s  
I n  i l l u s t r a t i n g  t h e  e f f e c t s  o f  f i n i t e  r a t e s  of  recomb ina t ion  i n  a 
f i n i t e l y  segmented e l e c t r o d e  channel ,  t h e  energy exchange c o e f f i c i e n t  
0 ,  e l e c t r o n  m o b i l i t y  p, and gas s t a t e  v a r i a b l e s  p,T, ... w i l l  be assumed 
uni form;  t h e  c o e f f i c i e n t  uE i s  t h e n  c o n s t a n t .  As a t y p i c a l  case, l e t  
uE = 0.5 which corresponds t o  a s l i g h t l y  seeded cesium argon m i x t u r e  a t  
one atmosphere pressure,  T = 2400°K, mole seed f r a c t i o n  of  0.004, and 
an e f f e c t i v e  f i e l d  ot V ’ /h p\r 40 v o l t s / m e t e r .  Geometr ica l  parameters 
a r e  s e l e c t e d  as R/h = I, a/!?, = 0.5. U n i f o r m  m o b i l i t y  p rec ludes  s t a t i c  
Y 
i n s t a b i l i t i e s  o f  t h e  form discussed i n  s e c t i o n  4.2. By s e l e c t i n g  t h e  
H a l l  parameter a t  f3 = I f o r  t hese  c o n d i t i o n s ,  t h e  e l e c t r o - t h e r m a l  wave 
i n s t a b i l i t y  i s  prevented a c c o r d i n g  t o  i n e q u a l i t y  (4 -41 ) .  The e x t e n t  o f  
t h e  e f f e c t  of f i n i t e  r a t e s  o f  recomb ina t ion  i s  con ta ined  i n  t h e  nondimen- 
I18 
I 
t h e  
t h e  
s i f  
t h e  
s i o n a l  parameter which rep resen ts  t h e  r a t i o  of  i o n i z a i i o r - i  t i m e  t o  r e s i -  
dence t i m e  o f  an e l e c t r o n  o v e r  t h e  p e r i o d  l eng th  II. As a t y p i c a l  va lue  
i I l u s t r a t i n g  f i n i t e  r a t e  e f f e c t s ,  l e t  U = I O .  
The s o l u t i o n  o f  Eqs. ( 7 - 1 )  through (7 -3 )  s u b j e c t  t o  t h e  boundary 
c o n d i t i o n s  (2-351, (2-361, and (2-37)  o r  (2-38) a r e  ob ta ined  n u m e r i c a l l y .  
The p o t e n t i a l ,  c u r r e n t ,  e l e c t r o n  temperature, and e l e c t r o n  number d e n s i t y  
f i e l d s  a r e  shown i n  F i g s .  7-1 th rough  7-4 f o r  Tx = 0. 
be d i r e c t e d  t o  t h e  f o u r  s i n g u l a r  po in ts ,  one o f  which occu rs  a t  each 
e l e c t r o d e  edge as shown i n  F i g .  2-1. For t h e  o r i e n t a t i o n  o f  magnet ic 
f i e l d  shown i n  F i g .  2-1, t h e  H a l l  e f f e c t  causes an i n t e n s i f i c a t i o n  a t  
p o i n t s  a t  t h e  downstream edge o f  t h e  lower e l e c t r o d e  and 
edge o f  t h e  upper e l e c t r o d e .  I n  what follows, t hese  i n t e n -  
A t t e n t i o n  should 
s i ngu I a r  
upstream 
ed s i n g u  a r i t i e s  ( o r  c o n c e n t r a t i o n s  o f  c u r r e n t )  a r e  r e f e r r e d  t o  as 
" s t r o n g "  s i  ngu I at- i t i es. 
The most s i g n i f i c a n t  a s p e c t  o f  t h e  c u r r e n t  d i s t r i b u t i o n  shown i n  
F i g .  7-1 i s  t h e  loss o f  symmetry between t h e  upper e l e c t r o d e - i n s u l a t o r  
w a l l  and t h e  lower w a l l  as a r e s u l t  o f  t h e  f i n i t e  r a t e  e f f e c t s .  I t  may 
be no ted  t h a t  t h e  s t r o n g  s i n g u l a r i t y  a t  t h e  downstream edge o f  t h e  lower 
e l e c t r o d e  i s  now s t r o n g e r  t h a n  t h a t  on t h e  upstream edge o f  t h e  upper 
e l e c t r o d e .  T h i s  f a c t  may be v e r i f i e d  by c o u n t i n g  t h e  number of  c u r r e n t  
l i n e s  e n t e r i n g  t h e  s i n g u l a r  p o i n t  i n  bo th  cases. T h i s  d 
be c o n t r a s t e d  w i t h  t h a t  shown i n  Fig.  5-1 f o r  Saha e q u i l  
t h e  s t r o n g  s i n g u l a r i t i e s  on t h e  upper and lower w a l l  a r e  
s t r i  b u t i o n  may 
b r i u m  i n  which 
equa l .  
The p o t e n t i a l  d i s t r i b u t i o n  shown i n  F i g .  7-2 r e f 1 e c . s  behav io r  t h a t  
may be i n t e r p r e t e d  i n  terms of t h e  c u r r e n t  d i s t r i b u t i o n  d iscussed above. 
Lack o f  symmetry between upper and lower e l e c t r o d e s  i s  man i fes t ,  t h e  
I19 
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F r a c t i o n  o f  e l e c t r o d e  l e n g t h  
F i g .  7-3 C u r r e n t  d i s t r i b u t i o n  a l o n g  e l e c t r o d e  f o r  t h e  case 
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p o t e n t i a l  drop a t  t h e  lower e l e c t r o d e  edge be ing  g r e a t e r  than t h a t  a t  
t h e  upper e l e c t r o d e  edge. 
The e l e c t r o n  number d e n s i t y  d i s t r i b u t i o n  shown i n  F i g .  /-6 evidences 
d e f i n i t e  f i n i t e - r a t e  e f f e c t s .  The e l e c t r o n s  c rea ted  near t h e  "ho t  spo ts"  
a t  t h e  e l e c t r o d e - i n s u l a t o r  i n t e r s e c t i o n s  a r e  convected downstream as seen 
i n  t h e  s h i f t  o f  t h e  constant-number-densi ty contours .  
t h a t  t h i s  s h i f t  i n  t h e  e l e c t r o n  number d e n s i t y  does n o t  produce a c o r -  
responding s t r o n g  s h i f t  i n  t h e  e l e c t r o n  temperature f i e l d  ( F i g .  7 - 5 ) .  
Such a s h i f t  m i g h t  be expected i f  t h e  h i g h e r  c o n d u c t i v i t y  r e g i o n  a t t r a c t s  
a l a r g e r  c u r r e n t  t o  t h e  downstream reg ions  which i n  t u r n  produces g r e a t e r  
Jou lean h e a t i n g  i n  those reg ions ,  thereby produc ing  h i g h e r  e l e c t r o n  tem- 
p e r a t u r e s .  The e l e c t r o n  temperature contours ,  however, a r e  n o t  as 
s t r o n g l y  d i sp laced  as t h e  e l e c t r o n  number d e n s i t y  con tou rs .  
I t  can be seen 
Th is  e l e c -  
t r o n  tempera ture  f i e l d  w i t h  f i n i t e  r a t e  e f f e c t s  may be c o n t r a s  
t h e  e q u i l i b r i u m  temperature f i e l d  shown i n  F i g .  5-5. 
The e f f e c t  o f  f i n i t e  r a t e s  o n  the e l e c t r o d e  c u r r e n t  d i s t r  
shown i n  F i g .  7-3. I t  can be seen t h a t  t h e  lower e l e c t r o d e  wh 
ed w i t h  
b u t i o n  i s  
ch i s  i m -  
m e d i a t e l y  upstream o f  t h e  s t r o n g  s i n g u l a r i t y  has a more nonuni form cu r -  
r e n t  d i s t r i b u t i o n  than  it possessed i n  t h e  Saha e q u i l i b r i u m  case o f  chap- 
t e r  5. Th i s  e f f e c t  r e s u l t s  because, on t h e  lower e l e c t r o d e ,  t h e  e lec -  
t r o n s  a r e  convected downstream o f  the s i  ngu I a r  i t y  d i r e c t  I y o n t o  t h e  i n- 
s u l a t o r ,  t h e r e b y  a t t r a c t i n g  more c u r r e n t  t o  t h e  edge o f  t h e  e l e c t r o d e .  
The upper e l e c t r o d e  on t h e  o t h e r  hand possesses a c u r r e n t  d i s t r i b u t i o n  
( e x c e p t  near t h e  s t r o n g  upstream s i n g u l a r i t y )  which i s  more un form than  
t h e  Saha e q u i l i b r i u m  case. 
t h e  e l e c t r o n s  generated a t  t h e  s t rong upstream s i n g u l a r i t y  a r e  immediately 
Th is  i s  so because, on t h e  upper e ec t rode,  
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convected o n t o  t h e  e l e c t r o d e .  
c o n d u c t i v i t y  ove r  t h e  e l e c t r o d e  p o r t i o n  ad jacen t  t o  t h e  s t r o n g  s i n g u l a r -  
i t y .  
a d j a c e n t  t o  t h e  s t r o n g  s i n g u l a r i t y .  S ince t h e  o v e r a l l  e f f e c t  o f  f i n i t e  
r a t e s  i s  t o  genera te  a l a y e r  o f  h i g h  c o n d u c t i v i t y  ove r  t h e  e l e c t r o d e s  
and i n s u l a t o r s ,  t h e  r e g i o n  of t h e  e l e c t r o d e  near t h e  s t r o n g  s i n g u l a r i t y  
s t i l l  m a n i f e s t s  s t r o n g  c u r r e n t  nonun i fo rm i t y  r e l a t i v e  t o  t h e  case w i t h  
Saha equ i  I ib r ium.  Th is  f o l l o w s  from t h e  r e s u l t s  o f  c h a p t e r  3, where i t  
was shown t h a t  a h i g h  c o n d u c t i v i t y  layer  o v e r  t h e  i n s u l a t o r s  and e l e c -  
t r o d e s  produces a more nonuni form d i s t r i b u t i o n  o f  c u r r e n t  on t h e  e l e c -  
t r o d e .  Th is  c o n v e c t i v e  e f f e c t  t h e r e f o r e  e x p l a i n s  t h e  s h i f t  i n  t h e  r e l a -  
t i v e  s t r e n g t h  o f  t h e  s i n g u l a r i t i e s  o f  t h e  upper and lower e l e c t r o d e  
These e l e c t r o n s  then  genera te  a h i g h e r  
T h i s  e f f e c t  t hen  tends  to spread t h e  c u r r e n t  o u t  i n  t h e  reg ions  
w a l l s  d iscussed above. 
The d i s t r i b u t i o n  o f  p o t e n t i a l  5’ on t h e  
7-4. A l though t h e  p o t e n t i a l  r i s e s  more r a p i d  
I i b r i u m  case, t h e  ove ra l  I r i s e  a long  t h e  i nsu  
Saha e q u i l i b r i u m .  
n s u l a t o r  i s  shown i n  F ig .  
y than  f o r  t h e  Saha equ i -  
a t o r  i s  l ess  than  t h a t  f o r  
7.3 I n t e r n a l  Impedance and H a l l  Vol tage 
The i n t e r n a l  impedance and H a l l  v o l t a g e  f o r  t h i s  case a r e  shown i n  
Tab le  7.1, where t h e  r e s u l t s  f o r  t h e  Saha e q u i l i b r i u m  c a l c u l a t i o n  a r e  
a l s o  shown f o r  comparison. 
produces a conduc t ing  l a y e r  ove r  t h e  i n s u l a t o r  which does tend  t o  re -  
duce t h e  H a l l  v o l t a g e  r e l a t i v e  t o  t h e  Saha e q u i l i b r i u m  case f o r  t h i s  
va lue  of = I O .  The i n t e r n a l  impedance has a l s o  been increased r e l a -  
t i v e  t o  t h e  Saha e q u i l i b r i u m  case as  a r e s u l t  o f  t h e  H a l l  s h o r t i n g  e f f e c t  
I t  can be seen t h a t  t h e  f i n i t e  r a t e  e f fec i -  
I 2 5  
TABLE 7. I 
t 
I Uni form Conduc 
Nonequ i l i b r i um 
w i t h  Saha Equi 
I Noneau i 1 i b r  i um 
i v i t y  a t  uo I .60 0.45 
C o n d u c t i v i t y  0.15 0.36 
i b r i  um 
C o n d u c t i v i t y  0.22 0.32 I w i t h  ' F i n i t e  Rates 
R/h = I ,  a/R = 0.5 I Fi = 20, B = I ,  OE = 0.5,  
7.4 Comparison w i t h  t h e  Measurements of  F i s c h e r  
I t  was p o i n t e d  o u t  i n  c h a p t e r  6 t h a t  t h e  d i s t r i b u t i o n  o f  r a d i a t i o n  
i n tens  i t y  measured by F i scher28 cou I d be exp I a i ned as a convec t  i ve non- 
e q u i l i b r i u m  e f f e c t .  A c a l c u l a t i o n  u s i n g  c o n d i t i o n s  s i m i l a r  t o  those  of  
F i s c h e r ' s  exper iment  i s  now descr ibed.  The c o n d i t i o n s  o f  t h e  potass ium 
seeded argon f l o w  fo r  which a comparison w i l l  be at tempted a r e  
T = 2100°K 
u = 135 m/sec 
R = 1.2 c m  
h = 2.0 cm 
a /&  = 0.5 
I26  
From appendix  C .  t h e  re fe rence  recombinat ion f requency v 
t o  t h i s  c o n d i t i o n  i s  about  I O 3  sec- l .  
u S u/Rv 
t h i s  case was 0.25 Tes la .  
rn r respnnd  r 
The nondimensional parameter 
- 
i s  t h e r e f o r e  approx imate ly  I O .  The a p p l i e d  magnetic f i e ! d  
Based on t h e  gas compos i t i on  da ta  a v a i l a b  
r 
r q  
f o r  
e, 
t h e  H a l l  parameter B was approx imate ly  3. For  these  low degrees o f  i o n i -  
z a t i o n  and t h e  c r o s s  s e c t i o n  behav io r  o f  potass ium and argon, s t a t i c  i n -  
s t a b i l i t i e s  d iscussed i n  s e c t i o n  4.3 w i l l  n o t  a r i s e .  From s e c t i o n  4.1 
i t  was shown t h a t  even w i  h f i n i t e  r a t e  e f f e c t s ,  t h e  e lec t ro - the rma 
wave i n s t a b i l i t y  may s t i l  occu r  and t h a t  t h e  onse t  o f  t h i s  i n s t a b i  i t y  
i s  s t i l l  governed by t h e  n e q u a l i t y  (4-39).  I f  a u n i f o r m  m o b i l i t y  s 
assumed, t h e  c o n d i t i o n  (4-39) f o r  t h e  p r e v e n t i o n  o f  t h e  e lec t ro - the rma l  
wave i n s t a b i  I i t y  i s  B 2 0.8 (Ei = 23 f o r  t h e  above d a t a ) .  Because of  
t h e  assumpt ion of  u n i f o r m  m o b i l i t y ,  t h i s  c o n d i t i o n  i s  p robab ly  o v e r l y  
c o n s e r v a t i v e ;  never the less ,  it appears t h a t  t h e  c o n d i t i o n s  o f  F i s c h e r ’ s  
exper iment  corresponded c l o s e l y  t o  those f o r  t h e  onse t  a f  t h e  e l e c t r o -  
thermal  wave i n s t a b i l i t y .  
F o r  t h e  comparison w i t h  t h e  above exper iment ,  the nondimensional 
gas p r o p e r t i e s  were s e t  a t  F.  = 20, uE = 0.5. 
t e r s  were s e t  a t  R/h = 0.6, a/R = 0.5.  The c o n v e c t i v e  n o n e q u i l i b r i u m  
parameter  IT was s e t  a t  10.0. The c u r r e n t ,  p o t e n t i a l  , e l e c t r o n  number 
d e n s i t y  and e l e c t r o n  tempera ture  d i s t r i b u t i o n s  f o r  t h i s  c a l c u l a t i o n  a r e  
shown i n  F igs .  7-7 th rough 7-10 and possess t h e  same genera l  t r e n d s  as 
those d iscussed p r e v i o u s l y .  I t  should be noted t h a t  t h e  l ack  of  sym- 
me t ry  between t h e  upper and lower e l e c t r o d e  w a l l s  d iscussed p r e v i o u s l y  
i s  c l e a r l y  e v i d e n t  i n  t h e  e l e c t r o n  temperature and number d e n s i t y  d i s -  
t r i b u t i o n s .  The i n t e n s e  s i n g u l a r i t y  occurs  on t h e  lower w a l l ,  and a 
The geomet r ica l  parame- 
I 
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c o n s i d e r a b l y  weaker s i n g u l a r i t y  occu rs  on t h e  upper w a l l .  F u r t h e r  i n -  
s i g h t  i n t o  t h i s  c o n v e c t i v e  n o n e q u i l i b r i u m  e f f e c t  may be o b t a i n e d  w i t h  
r e f e r e n c e  t o  F i g .  7-11. I n  t h e  absence of s i g n i f i c a n t  c o n v e c t i o n  e f -  
f e c t s ,  the " h o t  spots"  generated a t  o p p o s i t e  e l e c t r o d e  edges as a r e -  
s u l t  o f  t h e  H a l l  e f f e c t  would be expected t o  develop r e g i o n s  o f  h i g h  
temperature and e l e c t r o n  number d e n s i t y  which extend e q u a l l y  i n  bo th  
t h e  upstream and downstream d i r e c t i o n s .  A t r a v e r s e  a l o n g  t h e  dashed 
l i n e  shown i n  F i g .  7-11 would then  r e v e a l  a symmetric v a r i a t i o n  i n  
e i t h e r  temperature o r  number d e n s i t y  ac ross  t h e  channel .  
hand, i n  t h e  presence o f  gas dynamic convec t i on ,  t h e  d i s t r i b u t i o n s  i n  
number d e n s i t y  and temperature t e n d  t o  become d i s t o r t e d  i n  t h e  down- 
s t ream d i r e c t i o n  and t h e  t r a v e r s e  a long  t h e  dashed l i n e  no longer  r e -  
v e a l s  a symmetric d i s t r i b u t i o n .  The r e s u l t s  o f  t h e  c a l c u l a t i o n  i n  terms 
o f  number d e n s i t y  and tempera tu re  a l o n g  t h e  dashed l i n e  shown i n  F i g .  
On t h e  o t h e r  
s a r e  compared w i t h  F i s c h e r ' s  
n terms o f  t h e  p h o t o m u l t i p  i e r  t ube  s i g n a l  of t h e  r a d i a -  
. I t  may be noted t h a t  a r e v e r s a l  o f  1-he magnet ic f i e l d  
reve rses  t h e  d i r e c t i o n  o f  t h e  ant i -symmetry.  I t  can be seen t h a t ,  a l -  
though t h e  d i s t o r t i o n  of t h e  i n t e n s i t y  i s  much sharper  f o r  F i s c h e r ' s  
measurements, t h e  t r e n d s  i n  number d e n s i t y  and tempera tu re  i n  t h e  c a l -  
c u l a t i o n  a re  s i m i l a r .  Note t h a t  t h e  number d e n s i t y  shows a sha rpe r  v a r i -  
a t i o n  than  does t h e  e l e c t r o n  temperature.  
7- I I a r e  shown 
measurements ( 
t i o n  i n t e n s i t y  
i n  F i g .  7-12. These r e s u l  
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F i g .  7-12 Comparison of  c d l c u l a t e d  e l e c t r o n  tempera- 
t u r e  and number dcr is i  t y  prof  i l e s  w i t h  t n e  
r a d i a t i o n  i n t e n s i t y  ma3surernents o f  F i sch -  
<,r.28 From r e f e r e n c e  28, t h e  p h o t o m u l t i -  
i n  mv i s  a p p r o x i m a t e l ~  
he e l e c t r o n  temperature 
I 
p l i e r  t u b e  s igna 
p r o p o r t i o n a  I t o  
rJver t h  i s range 
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nonuni form c o n d u c t i v i t y  on e l e c t r i c a l  conduc t ion  i n  magn 
channels .  Two b a s i c  models have been proposed which exh 
The f i r s t  model r e q u i r e s  as i n p u t  i n f o r m a t i o n  t h e  s p a t i a  
o f  c o n d u c t i v i t y  t h roughou t  t h e  channel. The second mode 
tohydrodynamic 
b i t  such e f f e c t s .  
d i s t r i b u t i o n  
i ncorpora tes  
t h e  e f f e c t s  o f  e l e c t r o n  f l u i d  hea t ing  and e l e c t r o n  i o n i z a t i o n  and recom- 
b i n a t i o n  on t h e  c o n d u c t i v i t y  d i s t r i b u t i o n  i n  a s e l f - c o n s i s t e n t  c a l c u l a -  
t i o n .  
S tud ies  made w i t h  t h e  f i r s t  model have shown t h a t  low c o n d u c t i v i t y  
l a y e r s  o v e r  t h e  e l e c t r o d e s  and i n s u l a t o r s  i n  t h e  presence o f  a s t r o n g  
magnet ic  f i e l d  have two impor tan t  e f f e c t s  on t h e  c u r r e n t  d i s t r i b u t i o n  
r e l a t i v e  t o  t h e  u n i f o r m  c o n d u c t i v i t y  case. The f i r s t  e f f e c t  i s  a 
s t r a i g h t e n i n g  o f  t h e  c u r r e n t  l i n e s  i n  t h e  c o r e  of t h e  channel such t h a t  
t h e  c u r r e n t  tends  t o  f l o w  v e r t i c a l l y  across  t h e  channel from e l e c t r o d e  
of c u r -  
T h i s  
a1 rneas- 
t y  o v e r  
a t o r s  were examined w i t h  t h e  same model, it was 
n t h e  c o r e  tends t o  f l o w  a t  t h e  H a l l  angle.  For  
he c u r r e n t  f lows n e a r l y  p a r a l l e l  t o  t h e  channel 
e c t r o d e  
form 
t o  e l e c t r o d e .  The second e f f e c t  i s  a more u n i f o r m  d i s t r i b u t i o n  
r e n t  on  t h e  e l e c t r o d e  r e l a t i v e  t o  the  u n i f o r m  c o n d u c t i v i t y  case 
u n i f o r m i t y  e f f e c t  was shown t o  be c o n s i s t e n t  w i t h  t h e  experimen 
O a t e ~ . ~ ~  When l a y e r s  o f  h i g h  c o n d u c t i v  urements o f  Hoffman and 
t h e  e l e c t r o d e s  and insu  
shown t h a t  t h e  c u r r e n t  
I a rge  Ha I I parameters , 
a x i s  i n  t h e  core, I n  a d d i t i o n ,  t h e  c u r r e n t  d i s t r i b u t i o n  on t h e  e 
becomes i n c r e a s i n g l y  more nonuni form r e l a t i v e  t o  t h e  case w i t h  un 
c o n d u c t i v i t y .  
I33 
Studies made w i t h  t h e  second model desc r ibed  above 
i s t e n c e  o f  an i o n i z a t i o n  i n s t a b i  I i t y .  T h i s  i n s t a b i l i t y  
revea led  t h e  ex- 
had p r e v i o u s l y  
been p r e d i c t e d  
of f i n i t e  r a t e  
d i t i o n  f o r  t h e  
f i n i t e l y  f a s t  
su re  g rad  i e n t  
by Kerrebrock.22 A d e t a i l e d  examina t ion  o f  t h e  e f f e c t s  
o f  i o n i z a t i o n  on t h i s  i n s t a b i l i t y  revea ed t h a t  t h e  con- 
o n s e t  o f  t h e  i n s t a b i l i t y  i s  unchanged from t h a t  w i t h  in-  
o n i z a t i o n .  I t  was a l s o  shown t h a t  i n  t h e  absence of pres-  
nduced d i f f u s i o n  o f  charge and e l e c t r o n i c  hea t  conduct ion,  
t h e  growth r a t e  o f  t h e  i n s t a b i l i t y  was p r o p o r t i o n a l  t o  t h e  l onger  o f  e i -  
t h e r  t h e  e f f e c t i v e  i o n i z a t i o n  t i m e  o f  e l e c t r o n s  o r  t h e  e f f e c t i v e  c o l l i -  
s i o n a l  energy t r a n s f e r  t i m e  from t h e  e l e c t r o n  f l u i d .  T h i s  model under 
steady s t a t e  c o n d i t i o n s  was a l s o  shown t o  be desc r ibed  by a system of  
equa t ions  o f  mixed t y p e  i f  t h e  i o n i z a t i o n  was i n  e q u i l i b r i u m  a t  t h e  lo- 
c a l  e l e c t r o n  temperature.  I t  was shown t h a t  i f  t h e  H a l l  parameter i s  
smal l  enough, t h e  equa t ions  o f  t h i s  model w i l l  a lways be u n i f o r m l y  e l l i p -  
t i c .  Fu r the r ,  i n  t h e  absence o f  p ressu re  g r a d i e n t  induced d i f f u s i o n  and 
h e a t  conduct ion,  it was shown t h a t  t h e  c o n d i t i o n  f o r  u n i f o r m  e l l i p t i c i t y  
o f  t h e s e  steady equa t ions  i s  i d e n t i c a l  t o  t h e  c o n d i t i o n  f o r  t h e  preven- 
t i o n  o f  the i o n i z a t i o n  i n s t a b i l i t y  desc r ibed  p r e v i o u s l y .  
Numerical s t u d i e s  made w i t h  t h e  s teady s t a t e  form o f  t h e  second 
model were c a r r i e d  o u t  fo r  H a l l  parameters such t h a t  t h e  equa t ions  were 
u n i f o r m l y  e l l i p t i c .  When t h e  i o n i z a t i o n  was i n  e q u i l i b r i u m  a t  t h e  l o c a l  
e l e c t r o n  temperature,  it was shown t h a t  t h e  more i n t e n s e  e l e c t r o n  heat-  
i n g  a t  the e l e c t r o d e  edges tends  t o  reduce t h e  H a l l  p o t e n t i a l .  T h i s  e f -  
f e c t  occurs because of an enhanced c o n d u c t i v i t y  which occu rs  i n  t h i s  re -  
g i o n  o f  h igh  e l e c t r o n  temperature.  
be d r i v e n  o u t  of i o n i z a t i o n  e q u i l i b r i u m  by gas dynamic c o n v e c t i o n  and 
f i n i t e  ra tes,  it was shown t h a t  t h e  c u r r e n t  c o n c e n t r a t i o n s  on one o f  t h e  
When t h e  e l e c t r o n s  were a l l owed  t o  
I34 
e l e c t r o d e  w a l l s  became less  i n tense  w h i i e  on the o p p o s i t e  z l e c t r d e  w ! !  
t h e  c u r r e n t  c o n c e n t r a t i o n s  became more i n tense .  These e f f e c t s  were a l s o  
shown t o  be c o n s i s t e n t  w i t h  t h e  exper imenia i  medsUreKS3tS o f  F i s ~ h e r . ~ 8  
i n  genera l  i t  was shown t h a t  a l l  t ypes  of c o n d u c t i v i t y  nonun i fo rm i -  
t i e s  cons ide red  led  t o  a degrada t ion  o f  performance o f  MHD genera to r  
channels  as r e f l e c t e d  i n  increased i n t e r n a l  impedance o f  t h e  conduc t ing  
gas and depressed H a l l  vo l tage .  Al though seve ra l  impor tan t  e f f e c t s  o f  
t h e  nonuni form c o n d u c t i v i t y  have been e x h i b i t e d  and c o n t r a s t e d  w i t h  t h e  
l i m i t e d  exper imenta l  da ta  a v a i l a b l e ,  i t  i s  c l e a r  t h a t  much more remains 
t o  be understood. Perhaps t h e  foremost among these  i s  t h e  i o n i z a t i o n  
i n s t a b i i i t y  i n  a s t r o n g  magnet ic  f i e l d .  As was p o i n t e d  o u t  i n  c h a p t e r  
4, MHD dev ices which a r e  expected t o  o p e r a t e  w i t h  l a r g e  Hal I parameters 
and a n o n e q u i l i b r i u m  c o n d u c t i v i t y  w i l l  most l i k e l y  be s u b j e c t  t o  such 
i n s t a b i l i t i e s .  The steady s t a t e  theo ry  o f  chap te rs  5 and 7 i s  n o t  ap- 
p l  i c a b  l e  i n  such cases ( b e i n g  r e s t r i c t e d  t o  B 2 I ) ,  and a p roper  formu- 
l a t i o n  o f  a quasi -s teady t h e o r y  o f  such e f f e c t s  does n o t  now e x i s t .  
Exper imenta l  da ta  on such i n s t a b i l i t i e s  i s  a!so q u i t e  l i m i t e d .  Rigorous 
des ign  procedures f o r  t h e  performance o f  n o n e q u i l i b r i u m  MHD dev i ces  can- 
n o t  be e s t a b l i s h e d  u n t i l  f u r t h e r  progress i s  made i n  these  areas. 
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APPENDIX A 
NUMERICAL SOLUTION OF THE EQUATIONS GOVERNING 
ELECTRICAL CONDUCTION IN NONUNIFORM MEDIA 
A.1 D i f f e r e n t i a l  Equat ions and Boundary C o n d i t i o n s  
I t  was shown i n  chap te rs  2 and 4 t h a t  t h e  p o t e n t i a l  0 ‘  and f l u x  
f u n c t i o n  JI i n  a medium c h a r a c t e r i z e d  by e i t h e r  a model c o n d u c t i v i t y  non- 
u n i f o r m i t y  o r  by a n o n e q u i l i b r i u m  c o n d u c t i v i t y  were governed by t h e  
d i f f e r e n t i a l  e q u a t i o n  
L ( $ )  = 0, ( A - l  1 
where 
(A-2 1 a 
ax2 axay ax ay ay 2 
a 2  + D -  a + E - .  a 2  + c -  + 28 -a 2  L E A -  
I n  t h e  above, Cp rep resen ts  e i t h e r  t h e  p o t e n t i a l  C P ’  o r  t h e  f l u x  f u n c t i o n  
$, and the  A, B, C, D, E a r e  genera l  c o e f f i c i e n t s  which a r e  f u n c t i o n s  o f  
x, y, a$/ax, and a$/ay. As desc r ibed  i n  c h a p t e r s  2 and 4, t hese  c o e f -  
f i c i e n t s  a r e  d i f f e r e n t  f o r  0 ’  and $. I n  what f o l l o w s ,  however, bo th  
cases w i  I I be t r e a t e d  by c o n s i d e r i n g  t h e  genera l  o p e r a t o r  L .  I n  a d d i -  
t i o n ,  it w i l l  be assumed t h a t  a l l  v a r i a b l e s  have been nondimensional-  
i zed  as discussed i n  c h a p t e r s  3, 5, and 7. I n  what f o l l o w s ,  t h i s  non- 
d i m e n s i o n a l i z a t i o n  w i l l  n o t  be e x p l i c i t l y  denoted by t h e  ba r  n o t a t i o n .  
The boundary c o n d i t i o n s  a p p r o p r i a t e  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  ( A - I )  
were shown t o  be o f  t h e  form 
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+ = c o n s t a n t  on i n s u i a i i n g  i c o n a u c i i n g j  sur faces 
+ 3 = 0 on conduct ing ( i n s u l a t i n g )  sur faces  
p a r a l l e l  t o  t h e  x a x i s  
a Y  rl ax 
where n = f8. 
A.2 Formula t ion  o f  D i f f e r e n c e  Equations 
The development o f  d i f f e r e n c e  equat ions f o r  t h e  d i f f e r e n t i a l  equa- 
t i o n s  ( A - l )  and (A-3) w i l l  now be descr ibed. For  t h i s  purpose, l e t  a 
square l a t t i c e  o f  mesh w id th  6 > 0 be d e f i n e d  f o r  t h e  c o o r d i n a t e  system 
shown i n  F ig .  2-1 by t h e  nodes x = m6, y = n6, where m = 0, * I ,  f2, ...; 
n = 0, I ,  2, .... The n o t a t i o n  +(m,n) w i l l  be used t o  i n d i c a t e  t h e  func- 
t i o n  + a t  t h e  p o i n t  x,y whose d i s c r e t e  c o o r d i n a t e s  a r e  m,n. 
t i v e s  appear ing i n  t h e  o p e r a t o r  ( A - 2 )  may be c a l c u l a t e d  f rom t h e  expan- 
s i o n  o f  + (x , y )  about t h e  p o i n t  x,y whose d i s c r e t e  c o o r d i n a t e s  a r e  m,n. 
Th is  procedure y i e l d s  t h e  f o l  lowing express ions f o r  a2+/ax2, a2+/ay2, 
The de r i va -  
a2+/axay, a+/ax, a+/ay : 3 % 3 6  
( A - 5 )  
(A-7) 
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I t  i s  a l s o  p o s s i b l e  t o  express a@/ay as an o f f - c e n t e r  d i f f e r e n c e  c o r r e c t  
t o  o r d e r  62 as27 
I n  terms of  these f i n i t e  d i f f e r e n c e  approx imat ions,  t h e  d i f f e r e n -  
t i a l  equat ion (A- l  1 becomes 
+(rn+l,n) + @(m-l,n) - 2$(m,n) 
62 
+(m+l,n+l)  + $(m- l ,n- l )  - +(m+l ,n- l )  - +(m- l ,n+ l )  
462 
~ A 
+ + 28 
+(m,nt l )  + +(m,n-l) - 2+(m,n) + +(m+l,n) - +(m-l,n) + 
6 2  2 6  + c  
Rearranging t h e  above, t h e r e  r e s u l t s  f o r  a l l  m,n t o  which t h e  d i f f e r e n -  
t i a l  equat ion ( A - I )  app l i es ,  
, n + l )  - $(m+l ,n- l )  - +(m- l ,n+ l )  + 
n-t 11) = 0, ( A - 1  I )  
where 
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= (C  - E6/2) /2(A + C), 
0 ; -  i A - i . 2 )  
a = (C  + E 6 / 2 ) / 2 ( A  + C), a 
Q i +  
( A -  13) 
y = B /4 (A  + C), 
and r(m,n) i s  t h e  r e s i d u a l  a t  t h e  p o i n t  m,n. The d e r i v a t i v e s  appear ing 
i n  A,B,C as g i v e n  by Eqs. (4 -74)  and (4-79) may be c a l c u l a t e d  acco rd ing  
t o  t h e  f i n i t e  d i f f e r e n c e  approx imat ions (A-7)  and (A-8). 
S ince  t h e  second o f  t h e  boundary c o n d i t i o n s  (A-3) i s  a p p l i e d  on t h e  
boundar ies y = O , I ,  t h e  i n t r o d u c t i o n  of e x t e r i o r  p o i n t s  i n t o  t h e  mesh 
may be avoided by u s i n g  t h e  o f f - c e n t e r  d i f f e r e n c e  approx ima t ion  (A-9) 
t o  a$/ay. Thus, f o r  a l l  m,n o n  t h e  boundary y = 0, 
For a l l  m,n on t h e  boundary y = I ,  
I t  may be observed t h a t  t h e  d i f f e r e n c e  approx ima t ions  (A-13) and ( A - 1 4 )  
do n o t  i n v o l v e  p o i n t s  e x t e r n a l  t o  t h e  boundar ies y = 0 , I .  The d e r i v a -  
t i v e  a$/ax i s  c a l c u l a t e d  a c c o r d i n g  t o  ( A - 7 ) .  S u b s t i t u t i n g  t h e  f i n i t e  
d i f f e r e n c e  forms ( A - 7 1 ,  (A-131, o r  (A-14) i n t o  t h e  boundary c o n d i t i o n  
(A-31, t h e r e  resu  I t s  
For m,n on t h e  boundary y = 0,to which t h e  c o n d i t i o n  (A-3) a p p l i e s ,  
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F o r  m,n on t h e  boundary y= l ,  t o  which t h e  c o n d i t i o n  ( A - 3 )  a p p l i e s ,  
(A-16)  
A.3 I t e r a t i v e  Methods o f  S o l u t i o n  
For  a l l  cases cons ide red  i n  t h i s  work, t h e  d i f f e r e n c e  equa t ions  
( A - l  I ) ,  (A-151, and ( A - 1 6 )  were so l ved  u s i n g  i t e r a t i v e  r e l a ~ a t i o n ~ ~ , ~ ~  
a c c o r d i n g  t o  t h e  a l g o r i t h m  
( A - 1 7 )  
t h  The s u p e r s c r i p t  p denotes t h e  p- i t e r a t e  and w > 0 i s  t h e  r e l a x a t i o n  
parameter.  Every p o i n t  i n  t h e  mesh i s  f i r s t  s e t  w i t h  an i n i t i a l  va lue .  
Each p o i n t  i s  t h e n  c o r r e c t e d  acco rd ing  t o  t h e  a l g o r i t h m  ( A - 1 7 )  i n  a 
s p e c i f i e d  and r e g u l a r  o r d e r .  The process i s  c o n t i n u e d  u n t i l  t h e  r e s i d -  
ua l  r(m,n) a t  each p o i n t  has been reduced t o  a smal l ,  predetermined 
va lue.  
F o r  a l l  cases f o r  which convergence was achieved, t h e  o p e r a t o r  L 
was u n i f o r m l y  e l l i p t i c  so t h a t  
B2 - AC < 0. ( A - 1 8 )  
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i n  a d d i t i o n ,  for- ti-lose cases where coc,duc+ivi-fy Kas s p e c i f i e d  as a 
f u n c t i o n  o f  space, t h e  A,B,C,D,E were independent of  a4/ax and a$/ay, so 
ikhai f i le opera tor  L was I i i iear .  A r igorous g i a r a f i t e e  0: t h e  converg.=nce 
of t h e  a l g o r i t h m  ( A - 1 7 )  t o  t h e  s o l u t i o n  of  t h e  d i f f e r e n t i a l  equa t ion  
( A - I )  e x i s t s  f o r  t h i s  case w i t h  modest r e s t r i c t i o n s  on t h e  behav io r  o f  
$ and t h e  d i s c r e t e  form o f  t h e  opera to r  L.  3 4  I n  p a r t i c u l a r ,  it i s  re -  
q u i r e d  t h a t  t h e  mesh s i z e  6 be small  enough so t h a t  a a 
+,O' a-,o' o,+' 
a d e f i n e d  by Eqs. (A-12)  a r e  each a lways l ess  than  one. These c r i -  
t e r i a  were s a t i s f i e d  by mesh re f inement  i n  t h o s e  reg ions  where t h e  con- 
d u c t i v i t y  g r a d i e n t s  were l a r g e  lead ing  t o  l a r g e  D,E. These r e f i n e d  mesh 
r e g i o n s  were j o i n e d  t o  t h e  coarse mesh u s i n g  s imp le  l i n e a r  i n t e r p o l a t i o n .  
0 ,  - 
A sys temat i c  s tudy  o f  convergence r a t e s  and o p t i m a l  r e l a x a t i o n  pa- 
rameters  was n o t  performed i n  t h e  present  work; however, a l i m i t e d  
amount of  exper ience has been ob ta ined and i s  now descr ibed.  For  those 
cases i n  which t h e  c o n d u c t i v i t y  was s p e c i f i e d  as  a f u n c t i o n  o f  space as 
d iscussed i n  c h a p t e r  3, a r e f i n e d  mesh was u t i l i z e d  between t h e  l i n e s  
y=O,.2 and y=.8,1. Typ ica l  mesh s i zes  f o r  t h e  c o n d u c t i v i t y  d i s t r i b u -  
t i o n s  d iscussed i n  chap te r  3 were o f  t h e  o r d e r  o f  50 mesh p o i n t s  i n  t h e  
x d i r e c t i o n  by IO mesh p o i n t s  i n  t h e  y d i r e c t i o n  i n  t h e  r e f i n e d  mesh re -  
g ions ;  i n  t h e  co re  r e g i o n  t h e  mesh s i z e  was o f  t h e  o r d e r  of  I O  by IO 
mesh p o i n t s .  Fo r  these  t y p i c a l  s izes,  t h e  number of  i t e r a t i o n s  r e q u i r e d  
t o  reduce t h e  r e s i d u a l s  t o  less  than  .01 v a r i e d  from 20 t o  200, depend- 
i n g  upon t h e  i n i t i a l  guess. I n  general,  i t  was found t h a t  cases w i t h  
r e g i o n s  of  h i g h  c o n d u c t i v i t y  near  the  e l e c t r o d e s  and i n s u l a t o r s  r e q u i r e d  
more i t e r a t i o n s  t o  converge than  d i d  those  cases w i t h  low c o n d u c t i v i t y  
reg ions .  R e l a x a t i o n  parameters f o r  these  c a l c u l a t i o n s  o f  I < w < 1.3 
141 
were found t o  y i e l d  s a t i s f a c t o r y  convergence r a t e s .  
w % 1.6 was near o p t i m a l  f o r  t h e  case when t h e  c o n d u c t i v i t y  was uni form.  
Wi th a nonuni form c o n d u c t i v i t y ,  t h e  o p t i m a l  w was found t o  decrease. 
I t  was found t h a t  
The o r d e r  i n  which t h e  p o i n t s  were v i s i t e d  by t h e  r e l a x a t i o n  a l -  
g o r i t h m  (A-17) was found t o  i n f l u e n c e  t h e  r a t e  of  convergence. The most 
r a p i d  r a t e  of convergence was achieved when t h e  e f f e c t s  o f  t h e  boundary 
c o n d i t i o n s  were i n t e g r a t e d  i n t o  t h e  mesh as  r a p i d l y  as  p o s s i b l e .  T h i s  
was achieved by sweeping upward th rough  t h e  r e f i n e d  mesh a d j a c e n t  t o  t h e  
boundary y=O. The c o r e  mesh was then  swept up t o  t h e  match l i n e  y=.8. 
The r e f i n e d  mesh a d j a c e n t  t o  t h e  boundary y = l  was t h e n  swept downward 
f rom t h e  boundary. T y p i c a l  t i m e s  f o r  a l l  cases i n  which t h e  c o n d u c t i v -  
i t y  was s p e c i f i e d  as a f u n c t i o n  of  space were of  t h e  o r d e r  of  one t o  
f i v e  minutes on t h e  IMB 7090 fo r  t o t a l  mesh s i z e s  r a n g i n g  from 200 t o  
1400 p o i n t s .  
When a n o n e q u i l i b r i u m  c o n d u c t i v i t y  i s  considered, t h e  o p e r a t o r  L 
i s  q u a s i - l i n e a r  and non-symmetric (because o f  t h e  H a l l  e f f e c t ) .  
o rous  t h e o r y  o f  convergence fo r  quasi  - I i near  e I I i p t  i c o p e r a t o r s  acco r -  
d i n g  t o  t h e  a l g o r i t h m  (A-17) e x i s t s ; 3 5  however, t h e r e  i s  no c r i t e r i o n  
f o r  t h e  convergence o f  t h e  a l g o r i t h m  (A-17) f o r  nonsymmetric o p e r a t o r s .  
Nevertheless,  i t  was found t h a t  convergence c o u l d  be achieved f o r  a l l  
cases p rov ided  t h a t  L was u n i f o r m l y  e l l i p t i c .  
H a l l  parameter was made l a r g e  enough so t h a t  t h e  o p e r a t o r  L was no 
longer  u n i f o r m l y  e l l i p t i c  (c. f .  s e c t i o n  4.3).  
o c c u r r e d  when t h e  r e l a x a t i o n  a l g o r i t h m  (A-17) was used fo r  t h i s  case. 
I n  some cases ( t h o s e  c l o s e  t o  t h e  l i m i t  o f  u n i f o r m  e l l i p t i c i t y ) ,  it was 
found t h a t  u n d e r - r e l a x a t i o n  ( w  < I )  improved t h e  r a t e  o f  convergence. 
A r i g -  
As an exper iment,  t h e  
Rapid d i ve rgence  q u i c k l y  
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The under-relaxati~~ u s e d  f o r  such cases i nvo i ved  w o f  t h e  o r d e r  o f  .2. 
T y p i c a l  mesh s i z e s  o f  t h e  cases i n  which a n o n e q u i l i b r i u m  conduc- 
t i v i t y  occl;;r& 3 s  discl;;;ed i n  chapter 5 were 20x20 mesh p o i n t s .  De- 
pending upon t h e  i n i t i a l  guess, t h e  number o f  i t e r a t i o n s  r e q u i r e d  t o  
reduce t h e  r e s i d u a l s  t o  less  than  .01 v a r i e d  f rom 20 t o  150. These it- 
e r a t i o n s  r e q u i r e d  between I and 4 minutes on t h e  IBM 7090. 
A.4 S t rona Hal I E f f e c t s  
When t h e  H a l l  parameter B i s  large, t h e  l a r g e  f a c t o r  rl = f B  i n  t h e  
d i f f e r e n c e  equat ions  f o r  t h e  boundary c o n d i t i o n s  (A-14) and A-15) may 
be expected t o  g i v e  r i s e  t o  numerical  i n s t a b i l i t i e s ;  indeed, these d i f -  
f e r e n c e  equat ions  were found t o  lead t o  i n s t a b i l i t i e s  for Ha I parameters 
g r e a t e r  t han  two. 
t i o n s  may be developed i n  t h e  f o l l o w i n g  way. The d e r i v a t i v e  a$/ax on t h e  
boundary i s  expressed i n  f i n i t e  d i f f e r e n c e  form as an G f f - c e n t e r  d i f f e r -  
ence s i m i l a r  t o  (A-9) :  
S tab le  d i f f e r e n c e  equat ions  f o r  these boundary c o n d i -  
(A-19) 
On t h e  boundary y=O, t h e  c o n d i t i o n  (A-3) i n  terms o f  t h e  f i n i t e  d i f f e r -  
ence approx imat ions  (A-13) and (A-19) becomes 
I 4 3  
The presence o f  ( - I  * r l )  i n  t h e  denominator o f  t h i s  d i f f e r e n c e  expres- 
s i o n  has a s t a b i  I i z i n g  e f f e c t  f o r  l a r g e  rl [compare w i t h  t h e  d i f f e r e n c e  
fo rmula  (A-1517. When $I = $J, {.e., t h e  c a l c u l a t i o n  i s  i n  t h e  c u r r e n t  
rep resen ta t i on ,  rl = - $  $ > 0, and t h e  upper s i g n  i s  s e l e c t e d  i n  Eq. 
( A - 2 0 )  so t h a t  he denominator- ( - 1  * r l )  i s  a lways n e g a t i v e  and less  than  
- I .  Converse y, when I$ = @', i.e., t h e  c a l c u l a t i o n  i s  i n  t h e  f i e l d  
rep resen ta t i on ,  TI = 8 ,  B > 0, and t h e  lower s i g n  i s  s e l e c t e d  i n  Eq. 
( A - 2 0  1 . 
On the  boundary y = l ,  t h e  c o n d i t i o n  ( A - 3 )  i n  terms o f  t h e  f i n i t e  
d i f f e r e n c e  approx imat ions  ( A - 1 4 )  and ( A - 1 9 )  becomes 
The p o s i t i v i t y  o r  n e g a t i v i t y  o f  11 aga in  d i c t a t e s  t h e  c h o i c e  o f  s i g n  i n  
Eq. ( A - 2 1 )  so t h a t  t h e  denominator ( I  * r l )  i n  a b s o l u t e  va lue  i s  always 
g r e a t e r  t han  u n i t y .  
The d i f f e r e n c e  approxima 
parameters as h i g h  as B = 6 w 
i ca I i nstab i I 1 t y  . 
A.5 F i n i t e  Rate E f f e c t s  
ions  ( A - 2 0 )  and ( A - 2 1 )  were used f o r  H a l l  
t h  no d i f f i c u l t y  and no ev idence o f  numer- 
For t h o s e  cases where f i n i t e  r a t e s  o f  i o n i z a t i o n  and recombina t ion  
were present  as d iscussed i n  c h a p t e r  7, t h e  govern ing  equat ions  were nu- 
m e r i c a l l y  t r e a t e d  as a system c o n s i s t i n g  o f  ( A - 2 )  w i t h  A=C=I ,  B=O, 
I 4 4  
supplemented by t h e  e l e c t r o n  c o n t i n u i t y  and energy equat ions.  
(7-5)  f o r  f3 un i fo rm,  
From Eqs. 
a rn ne 
ax 
a m ne 
a Y  ’ + B  D =  
a tn ne 
aY 
a Rn ne 
- ax E =  
The e l e c t r o n  energy e q u a t i o n  was shown t o  be 
The s o l u t i o n  o f  t h e  e l e c t r o n  c o n t i n u i t y  e q u a t i o n  w i t h  f i n i t e  r a t e s  [chap- 
t e r  6; appendices C,D] i s  
where 
X 
I t  shou ld  aga in  be noted t h a t  t h e  v a r i a b l e s  appear ing  i n  t h e  fo rego ing  
e q u a t i o n s  a r e  assumed t o  be i n  t h e  nondimensional form d iscussed i n  
c h a p t e r s  5 and 6. I n  s e c t i o n  4.3 it was shown t h a t  t h i s  system i s  para-  
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b o l i c ;  however, 9 ,  le, and ne a r e  n o n l i n e a r l y  coupled. The solu 
t h i s  system i s  o b t a i n e d  by u s i n g  t h e  a l g o r i t h m  (A-17), A f t e r  a l  
a r e  operated on acco rd ing  t o  (A-171, t h e  temperature Te is c a l c u  
each p o i n t  i n  t h e  mesh acco rd ing  t o  
t h e  number d e n s i t y  g r a d i e n t s  appear 
c a l c u i a t e d  f rom (A-24) by numer ica l  
r e l a x a t i o n  a ! g o r i t h m  (A-17) i s  t h e n  
c u i a  
cond 
con d 
i c a  I 
i o n  o f  
$(m,n) 
a t e d  a t  
(A-23).  
ng i n  D , E  o f  Eqs.(A-22) a r e  t h e n  
y p e r f o r m i n g  t h e  quadra tu re .  The 
repeated u n t i l  t h e  c y c l e  converges. 
The number d e n s i t y  ne and 
The above method was used i n  o b t a i n i n g  t h e  f i n i t e  r a t e  s o l u t i o n s  
d iscussed i n  chap te r  7. I n  a l l  cases where t h e  c r i t e r i o n  fo r  s t a b i l i t y  
o f  t h e  nonsteady equa t ions  was obeyed as  d iscussed i n  s e c t i o n  4.1, con- 
vergence was achieved. As an exper iment ,  t h l s  s t a b i l i t y  c o n d i t i o n  was 
v i o l a t e d  by i n c r e a s i n g  t h e  H a l l  parameter, and it was found t h a t  t h e  c a l -  
i o n  r a p i d l y  d i va rged .  I t  i s  impor tan t  t o  n o t e  t h a t  t h i s  s t a b i l i t y  
t i o n  i s  a p h y s i c a l  s t a b i l i t y  c o n d i t i o n ,  n o t  a numerical  s t a b i l i t y  
t i o n .  Never the less,  it appeared t o  c o n t r o l  t h e  c o n d i t i o n  o f  numer- 
convergence fo r  t h e  s teady equa t ions  where a r e l a x a t i o n  a l g o r i t h m  
I t  s h o u l d  a l s o  be noted t h a t  t h e  s teady equa t ions  become of was used. 
mixed t ype  when t h e  s t a b i l i t y  c o n d i t i o n  i s  v i o l a t e d  as  d iscussed i n  sec- 
t i o n  4.3. 
n o t  achieved when t h e  s teady equa t ions  became o f  mixed t ype .  
I t  was p o i n t e d  o u t  i n  appendix A.3 t h a t  convergence was a l s o  
R e l a x a t i o n  parameters o f  w rl, I were found t o  g i v e  s a t i s f a c t o r y  re -  
s u l t s  except  when c o n d i t i o n s  were c l o s e  t o  t h e  s t a b i l i t y  l i m i t  ment ioned 
above, and t h e  c o n v e c t i v e  e f f e c t  i n  Eq. (A-24) was n o t  s t r o n g  ( u  < 5 ) .  
Under - re laxa t i on  ( w  .2) was r e q u i r e d  t o  ach ieve  convergence i n  t h i s  
case. 
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A.6 S o l u t i o n  o f  t h e  Coupled Saha and E l e c t r o n  Enerqy Equat ions 
I n  chap te r  5 it was shown t h a t  i n  t h e  c u r r e n t  r e p r e s e n t a t i o n  t h e  
e l e c t r o n  tempera ture  T and e l e c t r o n  number d e n s i t y  n 
e e 
t h e  e I e c t  ron  energy and Saha equat  ions respec t  i ve I y : 
were governed by 
where f 
The v a r  
p roh  i b i 
no, and 
system. 
and t h e  
Te = T + wJ(V$I2/ne2, 
2 f  -1 n =  
I + JI t 4 /< (Te)  e 
? 
was t h e  degree of  i n i t i a l  i o n i z a t i o n  and 
(A-25 1 
(A-26 ) 
(A-27 1 
ab les  Te, ne a r e  t r a n s c e n d e n t a l l y  coupled i n  these  two equa t ions  
i n g  an e x p l i c i t  s o l u t i o n  f o r  Te, ne f o r  a g i v e n  T, V$, f ,  wJ 
E Newton-Raphson i t e r a t i o n 3 8  was t h e r e f o r e  used t o  s o l v e  t h i s  i n  
The energy equa t ion  (A-25) was expressed as 
i t e r a t  
r(Te,ne) = Te - T - wJ(V$I2 /n  e '  
t h  ( k )  
ve a l g o r i t h m  f o r  t h e  k- i t e r a t e  o f  Te, denoted T , was e 
Us ing  t h e  energy equa t ion  (A-251, it f o l l o w s  t h a t  
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(A-29 )
and 2 Iln ne/3Te i s  g i v e n  by Eq. (5-133. From Eqs. (A-29) and (5-131, 
a l l  terms i n  t h e  Newton a l g o r i t h m  (A-28) may be expressed i n  terms o f  
= T, convergence Te. 
t o  r < .01 cou ld  be achieved i n  t h r e e  t o  f o u r  i t e r a t i o n s  f o r  t y p i c a l  
va lues  o f  t h e  parameters appear ing  i n  ( A - I )  and (A-2) discussed i n  chap- 
t e r  5. 
( 1 )  I t  was found t h a t  u s i n g  t h e  i n i t i a l  guess Te 
I48  
APPENDIX B 
DISSIPATION AND UNIQUENESS THEOREMS 
FOR A NONUNIFORM CONDUCTING MEDIUM 
B.1 I n t e g r a l  Theorems f o r  a Nonuniform Conduct ing Medium 
Consider  p o t e n t i a l  f u n c t i o n  @ '  and c u r r e n t  7 d e f i n e d  i n  a p lana r  
domain D w i t h  boundary c u r v e  C governed by t h e  equat ions  
v.7 = 0, (B-I  
w h e r e 7  i s  de f i ned  by Eq. (2-4) .  
t h e  c o n d u c t i v i t y  t enso r  u may be nonuni form b u t  i s  a g i ven  f u n c t i o n  o f  
space a t  each p o i n t  w i t h i n  D. I f  the  d ivergence o f  t h e  produc t  @'I i s  
i n t e g r a t e d  over  D, t h e r e  r e s u l t s  
I n  what f o l l o w s  it i s  assumed t h a t  
* 
Using t h e  d ivergence and Eq. (B- I  1, t h e  above r e s u l t  becomes 
+ 
where n i s  t h e  outward drawn u n i t  normal. From ( B - I )  and t h e  d e f i n i t i o n  
o f  u, Eq. (8-3) may be expressed a s  
4-b 
where u and u a r e  de f i ned  f o l l o w i n g  Eq. (2 -4) .  I n  s i m i l a r  fash ion,  i f  
Eq. ( B - I )  i s  i n t e g r a t e d  over  D and the d ivergence theorem app l i ed ,  t h e r e  
B 
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resu  I t s  
+ + -  
J J V * ?  dA = $ J o n  ds = 0. 
D C 
(8-5 ) 
The domain D w i l l  now be s e l e c t e d  as one p e r i o d  o f  t h e  p e r i o d i c  
e l e c t r o d e  MHD channel desc r ibed  i n  s e c t i o n  2.3 ( F i g .  2 .1 ) .  The i n t e -  
g r a l s  o v e r  t h e  boundary c u r v e  C i n  (8-4)  and (8-5) f o r  t h i s  domain a r e  
-T 
(8-7 1 
I n  develop ing (B-6) and ( 8 - 7 )  it has been assumed t h a t  @ '  i s  c o n s t a n t  on 
t h e  conduc t ing  su r faces  and t h a t  1.; vanishes on i n s u l a t i n g  s u r f a c e s .  
From t h e  p e r i o d i c i t y  o f  J o v e r  t h e  p e r i o d  R, J X (-Q/2,y) = Jx(R/2,y)  f o r  
a l l  y. Equa t ion  (8-7)  t h u s  i m p l i e s  
+- 
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i .e.,  t h e  p e r i o d i c i t y  of t o t a l  c u r r e n t  f low i n  t h e  a x i a l  d 
q u i r e s  t h a t  a l l  c u r r e n t  l e a v i n g  t h e  e l e c t r o d e  on y = 0 mus 
e l e c t r o d e  on y = h. Equa t ion  ( 8 - 6 )  thus becomes 
’ * I V ’  f @ ’ J o n  ds = - I V 
C 
+ +  
Y Y ’  x x  
r e c t i o n  re -  
e n t e r  t h e  
where t h e  g l o b a l  c u r r e n t s  Ix, I 
as ( N o t e  t h a t  p e r i o d i c i t y  o f  V Q ’  makes V x ‘  independent o f  y . )  
and t h e  v o l t a g e s  V x ’ ,  V y ’  a r e  d e f i n e d  
Y ’  
h 
I 5 - Jx(b/Z,y)dy,  
0 X 
I - /2Jy(x,0)dx,  
a -Y 
B.2 Power D i s s i p a t i o n  
S u b s t i t u t i n g  from Eq. (B-9) i n t o  Eq. (8-4) t h e r e  r e s u l t s  
’ + I V ’ = I/oB(VQ‘)2dA. 
Y Y  D I X V X  
(B - I  I )  
Equa t ion  ( B - I I )  may be viewed as a theorem r e l a t i n g  t o  t h e  power d i s s i -  
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p a t i o n  i n  a nonuni form conduc t ing  medium. The l o c a l  r a t e  o f  power d i s -  
s i p a t i o n  p e r  u n i t  volume i n  a conduc t ing  medium desc r ibed  by t h e  conduc- 
t i v i t y  t enso r  (2 -4 )  may be r e a d i l y  shown t o  be39 -;f.V@’ = u ( V @ ’ ) 2  and 
i s  an  i n h e r e n t l y  p o s i t i v e  q u a n t i t y .  Equa t ion  (8-11) t h u s  s t a t e s  t h a t  
t h e  t o t a l  power d i s s i p a t e d  p e r  u n i t  channel depth i s  equal t o  t h e  sum of  
t h e  p roduc ts  o f  t h e  a x i a l  c u r r e n t  and v o l t a g e  and t h e  t r a n s v e r s e  c u r r e n t  
and vo l tage .  I n  terms o f  t h e  impedance t e n s o r x d e f  ined i n  s e c t i o n  2.3, 
t h e  power d i s s i p a t i o n  may be expressed as 
B 
// uB ( V @  ‘ ) 2dA = I x 2 R x x  + I 2R + I I ( R  + R 1. (B-12) 
D Y Y Y  x Y XY Y X  
* 
The elements o f  R t h u s  r e p r e s e n t  t h e  i n t e r n a l  impedance of  t h e  conduc- 
t i n g  medium. Equat ion (8-11) w i l l  se rve  a s  a b a s i s  f o r  t h e  uniqueness 
theorems t o  be d iscussed below. 
8.3 Uniqueness Theorems 
Consider t h a t  two s o l u t i o n s  @1‘, Q2‘ e x i s t  t o  t h e  d i f f e r e n t i a l  
e q u a t i o n  (9-1) s a t i s f y i n g  c e r t a i n  boundary c o n d i t i o n s  t o  be d iscussed 
below. The d i f f e r e n c e  f u n c t i o n  I$ @ I ’  - @ 2 ‘  i m p l i e s  t h e  e x i s t e n c e  of 
a c u r r e n t  d i f f e r e n c e  f u n c t i o n  J d e f i n e d  as J = 7, - 5 2  where t t 
* +-f 5, = - U ’ V @ l ’ ,  s2 = - U’V02’. (8-13) 
The f u n c t i o n  I$ s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t i o n  
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h 
i - I j x (R/2,y)dy,  
0 
X 
(8-15) 
a 
i - = - JTjy(x,O)dx. 
a -- Y 
2 
As was shown i n  s e c t i o n  5.2,  t he  d i f f e r e n c e  f u n c t i o n  $J, by v i r t u e  
\ 
o f  s a t i s f y i n g  Eq. (8-141, must s a t i s f y  t h e  d i s s i p a t i o n  theorem 
(8-16) 
The p o s s i b l e  s e t s  o f  boundary c o n d i t i o n s  which may be a p p l i e d  t o  0 ‘  and 
which lead t o  a unique d i s t r i b u t i o n  o f  V0‘ and ;f w i t h i n  D may now be 
d iscussed us ing  Eq. (8-16).  I f  t h e  i d e n t i c a l  boundary c o n d i t i o n s  ap- 
p l i e d  t o  t h e  two p o s s i b l y  d i f f e r e n t  f u n c t i o n s  @l’ ,  0 2 ‘  a r e  t h e  s p e c i f i -  
c a t i o n  o f  V x ‘  and V ’, i t f o l l o w s  from t h e  f i r s t  and second o f  E q s .  I 
Y 
I 
I 
I 
i 
(5-15) t h a t  vx  = v = 0. S ince  t h e  i n teg rand  i n  Eq. (5-16) i s  i n h e r e n t l y  
Y 
p o s i t i v e ,  t h e  o n l y  $I s a t i s f y i n g  (8-16) i s  VI$ = 0, which i m p l i e s  1 = 0. 
Thus, it f o l l o w s  t h a t  V01’ = V 9 2 ’  and 51 = 52 w i t h i n  D. 
t i o n  o f  V k  and V ’  t hus  leads t o  a unique d i s t r i b u t i o n  o f  f i e l d  V0’ and 
I The s p e c i f i c a -  
Y 
I 53  
+ 
and c u r r e n t  J w i t h i n  D. I n  s i m i l a r  f ash ion ,  i t  i s  r e a d i l y  shown t h a t  
t h e  s p e c i f i c a t i o n  o f  p a i r s  of  t h e  g l o b a l  v o l t a g e s  and c u r r e n t s  such as 
(Vx',I 1, ( V  ',I 1, (Ix,I 1 a l s o  lead t o  un ique d i s t r i b u t i o n s  o f  f i e l d  
and c u r r e n t  w i  t h i  n D. 
Y Y X  Y 
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APPENDIX C 
The frequency o f  recombina t ion  c o l l i s i o n s  i n  an i on i zed  gas may be 
expressed as 
v = a n 2  (C- l  1 r e ’  
where a Is t h e  recombina t ion  c o e f f i c i e n t  and n i s  t h e  number d e n s i t y  o f  
e i e c t r o n s .  From t h e  p r i n c i p l e  o f  d e t a i l e d  balance, t h e  i o n i z a t i o n  f r e -  
quency due t o  e l e c t r o n - n e u t r a l  impacts i s  
e 
where n * ( T  ) i s  t he  equi  l i b r i u m  number d e n s i t y  o f  e l e c t r o n s .  For a l  k a l  i e e  
met-a I s  such as c e s i  um o r  po tass i  urn, the equi  I i b r i  um number d e n s i t y  i s  
g i v e n  by 
The q u a n t i t i e s  vr and v i  a r e  thus  known i n  terms o f  t h e  recombina t ion  
c o e f f i c i e n t  01 .  
% For  temperatures i n  t h e  range kTe/e < 0.25 e l e c t r o n  v o l t s ,  Hinnov 
and H i r ~ c h b e r g ~ ~  have c a l c u l a t e d  a ( T e )  t o  be ( i n  u n i t s  o f  cm6 s e c - l )  
9 
- 2  
- 
a i T e )  = 5 . 6 ~ l O - ~ ~  [?] , ( C - 3 )  
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where (kT  /e)  i s  t h e  e l e c t r o n  tempera tu re  expressed i n  e l e c t r o n  v o l t s .  
The t h r e e  body recomb ina t ion  c o e f f i c i e n t  v f o r  potass ium has been c a l -  
c u l a t e d  acco rd ing  t o  t h e  above exp ress ions  and i s  shown as a f u n c t i o n  
of ne and Te i n  F i g .  C-I. Also shown a r e  l i n e s  of  e q u i l i b r i u m  number 
d e n s i t y  f o r  v a r i o u s  v a l u e s - o f  t h e  i o n i z a b l e  s p e d e s  number d e n s i t y  n . 
e 
r 
S O  
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F i g .  C-1 Recombination frequency of  e ! e c t r o n s  i n  potass ium 
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APPENDIX D 
SOLUTION OF THE ELECTRON CONTINUITY EQUATION 
WITH IONIZATION AND RECOMBINATION 
D. I T rans format ion  o f  t h e  N o n l i n e a r  Rate Equat ion  t o  a L i n e a r  Form 
The e l e c t r o n  c o n t i n u i t y  equa t ion  d iscussed i n  c h a p t e r  6 was shown 
t o  be 
Thi  s non 
t y p e  and 
dne u - = v . n  - an 3 .  dx i e  e 
i n e a r  f i r s t  o r d e r  d 
may be  t rans formed 
f f e r e n t i a l  e q u a t i o n  i s  of  t h e  Bernou 
n t o  a l i n e a r  e q u a t i o n  w i t h  t h e  subs t  
The r e s u l t  of such a t r a n s f o r m a t i o n  i s  
u - d5 + 2 v i c  = 2a, 
dx 
which i s  l i n e a r  i n  5 .  
0.2 Asymptot ic  S o l u t i o n s  w i t h  P e r i o d i c  D is tu rbances  
Equat ion (D-2) may be expressed as 
The s o l u t i o n  t o  (D-3) i s  r e a d i l y  shown t o  be 
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( D - I )  
I i  
t u t i o n  
where 
The q u a n t i t :  A(x )  r e p r e s e n t s  an e f f e c t i v e  decay length .  I t h e  d i s t u r b -  
ances which lead t o  f i n i t e  r a t e  e f f e c t s  i n  < a r e  p e r i o d i c  and II i s  t h e  
l eng th  o f  t h e  per iod ,  t h e  c o e f f i c i e n t s  y ( x ) ,  f ( x )  a r e  p e r i o d i c  i n  R: 
y(x+NR) = y ( x ) ,  
where N i s  an i n tege r .  From (D-5) and t h e  p e r i o d i c i t y  o f  y ( x ) ,  i t  f o l -  
lows t h a t  A ( x )  has t h e  p r o p e r t y  
The s o l u t i o n  o f  Eq. (D-4)  c o n s i s t s  o f  two p a r t s :  an i n i t i a l  d i s t r i b u -  
t i o n  < ( O )  which decays e x p o n e n t i a l l y :  
and a f o r c i n g  d i s t u r b a n c e  
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The s o l u t i o n  (D-9) i s  now examined f o r  l a r g e  va lues  of  x f o r  which 
t h e  i n i t i a l  d i s t r i b u t i o n  5 ( 0 )  has decayed t o  a ve ry  smal l  va lue .  The 
coo rd  i nate change 
x = N R  + x '  
t h  i s  i n t roduced  where x '  i s  measured f rom t h e  beg inn ing  o f  t h e  N- p e r i o d .  
Using t h e  p r o p e r t y  (0-71, t h e  f o r c e d  p a r t  of  t h e  s o l u t i o n  (D-9 )  may then  
be w r i t t e n  as 
Chang i ng va r  i ab I es 
r e s u  I t becomes 
-mh(R) The s u m  1 e 
m= I 
-h(R) < where z = e 
I i m i t  N + m, 
and u s i n g  t h e  p e r i o d i c i t y  p r o p e r t y  (D-61, t h e  above 
m= I 0 I 0 
-m N 1 z 
m= I 
may r e a d i  l y  be c a l c u l a t e d .  I t  i s  o f  t h e  form 
I .  T h i s  i s  a s imp le  geomet r i ca l  p rog ress ion .  I n  t h e  
For  a large number o f  p e r i o d s  ( N  >> I )  away f rom t h e  en t rance  x=O, t h e r e  
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resu I ts 
C i  + 0, 
where 
I t  may r e a d i  I be v e r i f i e d  t h a t  c f  i s  indeed p e r i o d i c  and t h a t  
D.3 A p p l i c a t i o n  t o  t h e  E l e c t r o n  C o n t i n u i t y  Equat ion 
The genera l  r e s u l t s  d e r i v e d  above may now be a p p l i e d  t o  t h e  e e c t r o n  
c o n t i n u i t y  e q u a t i o n  w i t h  f i n i t e  r a t e s  o f  i o n i z a t i o n  and recombinat  on. 
I n  t h e  above n o t a t i o n  y ( x )  = 2v. /u and f ( x )  = 2a/u, where v 
The asympto t i c  r e s u l t  (D-12) i s  t h e n  (where x i s  measured from t h e  be- 
g i n n i n g  of a p e r i o d  f a r  away from t h e  channel e n t r a n c e )  
= an *2. 
I i e 
where 
I61 
. 
I n  -the l i m i t  when u + 0, Eq. (0-14) y i e l d s  t-he equi  I i b r i u m  r e s u l t  
n = n * .  e e 
I n  t h e  l i m i t  when u -+ O D ,  t h e  f rozen  I i m i t  r e s u l t  i s  ob l -a insd :  
- 
"e J,ane**>,<a> , 
where 
( D -  I 7 1 
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